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© �uª�}u{h�k«�¬�0}h®@�0|~�0��«�¯°�0��{u�s{u��{�|±�9}u�~ `�0�0|��~�0�9¡f�s�~��®K| � }�«��u�0�0� ©.²a³µ´·¶ tv¸d}��~�s«F�F¹
�lºaªu»G| � �0�0|��0�0}� ¼�0�0��{u�s{u��{u|±� � |��0�0¬½¡%�0����®@| � }�«F���0�0� ´¾¶ tÀ¿Á�9ª��K��¹

ºa�z�0�0�0�h®@Â��0¬|z}��s�0}��0|��s{�¬°Ã � }��s{�}u�d�z�s�~�0��}�ÄÅ J��{u|~ J��{u�0�0|��~�0��¡f�K���9�² �s{�}u�0}�« ³ tÇÆ\t
� }��s{�}u�d�z�s�~�0��}�ÄÅ J��{u|~ J��{u�0�0|��~�0��¡f�K���9�² ��{h�u�zÂ�«�� ³ tv¸�tÉÈ
� }��s{�}u�d�z�s�~�0��}�ÄÅ J��{u|~ J��{u�0�0|��~�0��¡f�K���9�Ê �0�s|��~Ë<|~«�Æ\tvÌÍt

ÆÎ| � ��ÏR�h�f}�� ¶ �u�0�s���u�0�s�OÃ.¯°�0��{��s{���{Ð}�ªuÏ±|~�%�z�s���0�s�f�0 t ² tÑ¸�t Ê �0}�¡F}��s}�«F� ©.²a³

Ò �hÏ<�s{h�R�~}u��{�}u�s{��Ó�!Ô�x�x Ô��z|~«��0�h®K� x�q�qFÕ ¶ «st5Ô�rur Ô��K���utIÔ�q�q Ô� `�s�5ts�K�±���u�~| � �u�0�s� � �0��Ä�~|~��{h�u�0�0}��s�0} ¶ }Á�~}�«u|�{h�Í¿Ötvq�q�x�tÉrurØ×stÇq�×a¯°�0��{u�s{u��{h�±��}��� `�0�0|��~�0��¡��s�~��®K| � }�«��u�0�s� ©.²\³ �0}� � �0|����-Ã`r�rÙÕuÚuÚFÕ�È ¶ tv¸d}����0«F�sÈ.�Ù®It Ê �0}��z��}�ÛÍ�~�K����Üuw�Ýu×�x�ÈO¯°�0��{��s{���{
��}��~ `�0�s|~�~�s��¡��0�~�Þ®@|�Ä
� }�«F�u�s�0� ©.²a³ ÈK��}��0�z|��0|~�0��y��Ø�h®It

ß � �0�~��|~�s{h�u�s�0|~�� `}ØËÖ�s}!}u�~�K�u��}� `�s{uÂ��Ó�&«!ªu�0ª�®@�0}�{�|~��|
¯°�0��{��s{���{h�#��}��� `�0�0|��~�0��¡�0�~�Þ®@| � }u«F�u�0�0� ©.²\³ t

² «u{�}u�0|~�z|~�0��{Ð�K�h��}��Þ®-�u�!Ô Ô xuq�q�à ¶ t

á �0|~�s¬�f�~|��0�0|�{h�u�0Â
� �0�~��|~�s{h�u�s�0}��0�0} ¶ }Ð��}�«�|�{h��OtÇ�ktâ tÇ�5t

ÌÎ�9�0�0�0���9���fãÎtÑ¸�t
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ùXúûù �P[\]2üJWýY°þ`ÿa^��-]+þé]������
ß �9Ï±|~��{�«u�u|�{%ª�}�®@Â	�<}��d��®-�u���Á�z�s�~�0�0|~���0��¡d�Ø� � �Ù�OÈ-��«u�s���u�0�0¬½¡d���0|�®K�0�0|~�s�0¬ `�
�~�0��{�|ÞÄ J�u `�Ö�Íª�}�®@Â
�±�0 o�0�s��®@}� ���{�|��0|~�0|��$�~«�}�ªu} � ¬°È�«Á�9}�{�}��0¬½¡Ö�~�9®@Â��0}�|Í `|�Ë� `} � }�«�}�| «u���u��Ä `} � |~�0��{�«��0| � |�®-�u|�{k}�ª�¬�0�s¬|a `|�{u} � ¬��°�9�0Â�|ÞÄ �u�K�Ù®@�s�Ø�< J�Ù®@}��0�0� ¶ } � �0¬ `�5Ãs�K�uª�®@Û � �u|�Ä J���Ð�0������}��K�u��{�}u{u�K���% `} � �<«±{h�u��}��$���0��{u|~ `|z `}ØËR|�{Rªu¬ {�Âk�9�u� �~«u���Ø�u�0�±�a�0�s�9�0�s}� J�u��Ä
�±{h�uª��s¬  � «��sË<|~�0�0|� È�{h�u����ªu¬ {�Â��K�����s}���{uÂ�Û � «u�F¡kª�®@�����0��¡R«�¬�~}���}��0�u��{u}u{��0¬½¡Ö `} � t¿Á®0�d�s�~��®K| � }�«��u�0�s�d{h�u�0��¡d�~�s��{�|� È.«u}u���0�s����ÛÍÏ<�9¡l« ¶ |�}��z�s���0��|�È.�0|��0�0}�ªu�0}�®@} ¶ �0�5È- `|�Ä
� �0�0�0�s|uÈI�K� � �0}��z�s���s�9|k{��s|~ªu�u|�{��Ó�o�0�0��{u�s�9 `|~�s{ÙÈ2��}u{�}u�0¬�!ª�¬��0}u�~«�}�®K�9®�®K}��9�h®@Â��0}$�0}�9}u}�� � �0�K��{u|k��®@��«��0|� `|~�0���K��� � |�®K��{�Â � «��sË<|~�0�s���0����®@�s�0�0¬½¡� J�u���±{h�uªu}�«0tGº � �0�s ��s�{h�u�0��¡%�0�s��{����� `|��s{�}u« ��{h�h®@}�«�|��0«�®@|�{�ÄÅ�s�0|~}�ªu�K����}u«F�u�0�0|�t

ÆÎ|~�0«�®K|�{�Ä �0�0|�}�ª��K���~}�«F�u�s�0| �0«�®K�s|�{u�Ó�#| � «F�d®K���0| �K�u�0ªu}�®@|~|Ö�K�u��{u}�«���{u�0|~�K��ÛÍÏ<�s +Ä�Ó��{u|~�0 `�0�s}� Q«%{u}��o�K����{��!�0�0�0��®@� � �0}��� J��{�|� J��{��s�0�5È+��}u{u}��K�����9�u����|�{��Ó�o}�ª��K�uªu}u{��0�¡��u}u{u�0�0|��~�0��¡l�~� ¶ �K�h®@}u«Ð�l�s�~}�ª��K��Ë<|~�0�0�OÈO�k{h�u�sËR|<�s|~�0| � �Ø�0�
�l�ÓËk��{u�s� � �u�0�0¬½¡.t ß �� {�|~�s `�0��Å«�|~�0«h®@|�{���ª�¬½®�«�«�| � |~�����0�u�0�s�������0�0 µ J�h{�|~ J�h{��0��}� ��Ztv¸d}���®@|��â×uw	� ´ ���u��Ä
{��0�0|��~�0�OÈ «F�u�0�0�u�s{ � �s�~�0�0|�{��0} ¶ }#«�|~�s«�®@|�{hÄÅ�0�s|~}�ª��0����}�«��u�0�s�Pª�¬½®��0|����u«��0���0 `}o«�«u| � |��Æ\tÀ¿Öt Ò �0 `�0�0¬ ��Çàuq	� ¹<«��~«u������� �Ø� � �Ø�K�� `� ¶ |�}��z�s���s�0�5ÈJ�¼« � �h®KÂ��0|~���<|~  �0�0�0 `|��s��®0Ä�Ó���s�0���u�0�h®@�s�~|���|~�0�� `�0�0|��~�0��¡��~� ¶ �K�h®K}�«¼��{u�9�0ª��Ù®K|~�s{u�0}���{u�5t����0�u��{u}Ù��Ï<|� ý��«u�0|�Ä
 `|~�0� «�|��0«�®@|�{�ÄÅ�s�0|~}�ªu�K����}u«F�u�0�0Û �s}��~«u��Ï<|��0}Q�9Ë<| � }���{h�h{�}��0�s}� `�s} ¶ }" `}��0} ¶ �K�u�z�0�
�vxuq�È`rØÚsÈ2×�qsÈG×�Ü�� ÈG} � �K�%�s�Ð��}u{u}��0¬½¡��0�0�0�0� � ®@|�ËÖ�s{
�u«u{�}u�s� � �u�0�s}�� � �s�~�~|��s{h�u�0�s��� r�r��Dt
Æ½| � ��{u�Ó���0�s{u|~�0���0«��0¬|!�0�~�Þ®@| � }u«F�u�0�s���0}#�0�0�s `|~�0|��0�0Û�«u|~�0«�®K|�{�Ä �0�0|�}�ª��K���~}�«F�u�s�s���
�K����®K�0�0�0¬ ���� � �Ø�K�u P�u�K�h®@���Ø�k�~� ¶ �K�h®@}�«��d����}�ª��0��ËR|~�s�0�5È@«�}u�~�0�0�9�uÛÍÏ±�0 �« ¶ |�}��z�s����Ä�9|�È` `| � �s�0�0�0|�ÈX�z�0�0�u�0�~}u«�}�  �u�K�h®@����|uÈ` J���<�0�0}u��{��s}�|~�0�s�5ÈJ�������0��|%«�¬�~}��s��¡��~�s|~� ¶ �0�
����wsÈ�� ���Dt
ã8|~ 
�0|Î `|~�0|�|½�0 `|�ÛÍ{u�Ó�k«�}��0�0}u�~¬°Èh�~«u���Ø�u�0�s¬| �½�0|Þ®@�0�0|��0�0¬ `�R�0«h®@|~�0���0 `� ¶ � |½�0�0��Ä®@}ØËR|~�0���P«�|��0«�®@|�{�Ä �0�0|~}uª��K���~}�«F�u�0���P|�Ï<|%��®-�uªu}��K�h��«��s{u¬°t!� {h�u�0�0 é«�}u�0�0}��~�u  }u{u�0}�Ä

�~�s{u�Ó� �u�K�Ù®@�s{��s�0|~���9}u|\�0����®@| � }�«F�u�s�0|\«u���u�0 `} � |��0��{u«��s��®K}��9�h®@�s�~}�«F�u�0�s¬½¡��°®0����{u�F���0�0��K����®K�0�0�0¬½¡l J�u�"�Á{h�uª�}�«0ÈO�����
«Ð��®-�u���~�0�s|~�~�s��¡��~�s��{�|� J�h¡ ´ �K�u�0�0�s `|~�5È.«Ð{u�9�0ªu�Ø®@|��s{��0}hÄ
��{��K¹�ÈG{h�u�!��«f�0«F���s{�}�«u¬½¡��~�0��{�|~ J�Ù¡ ´ «u�Ø�u�s `} � |~�0��{�«��0|Ö J�u�~���0«��0¬½¡��K�u��{��0�K¹�t5¿R���0�K���
� �0�~��|~�s{h���0�s�l«u}��~�0}h®@�s�0|�{Ö�F� � �0�s}�ª�|�®K}�«k«#��{�}��d}�ª�®-����{��Ot

Æç�K�u��{�}Ø�sÏ±|~� � �s�~�~|��s{h�u�0�s}��0�0}����K��ª�}u{�|%«�|��0«�®@|�{�ÄÅ�s�0|~}�ªu�K����}u«F�u�0�0|d�0�~�s}�®@Âu����|�{u�Ó������P�0�0��{��s�9 `|��s{$
%&$�')(&*+(&,�-�.�/10�230ØÈJ���s|d�0�s��®@|��0�0} ¶ }!�0����®@| � }�«F�u�s�s�5ÈX�0}u�~«�}�®K�sÛÍÏ<�s���{��s}��s{�Â���{�}�¡��u��{��0�s|~�~�s�0|¼���0«F�u�s{u}�«�}�Ä �0}�®@|�«�¬|! `} � |Þ®@�Q�s�~�K�Ø�K�h®@Â��s}&�~«�}�ªu} � �0¬|!}u{�0|�{�®@|�«�¬½¡d�K�u� ¡�} � �0 `}���{u|~�
«R{�|�}��0�0�d«�}u�~ ý�9Ï±|~�0�s�5t
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8 |Þ®@Â�Û � �0�~��|~�s{h���0�0}��0�s}��d�0�uª�}u{u¬��s«�®K�s|�{��Ó�Ð�K�����0�uª�}u{u���Á J��{�|� J��{��0�s|~�~��} ¶ }Ö���0�K�u�K�h{h�
� ®K�±�u�K�h®@��{��0�0|��~��} ¶ }�}u�0�0�����0�s�±�s«�®@|��0�0�5Èh�~«�}u�0��{u«F�\��}u{�}u�0¬½¡±���u«��0�Ó��{°}u{\ J�u�"�Á{h�uªF�st	�{h�u�0�0 ��0«h®@|~�0���0 �}u{u�0}��Ó�s{u�Ó�$�K���~«��s{h��� ¶ � � �s} � �0�K�u `�0�s|~�~�9���${����sªu�Ø®@|~�s{u�0}���{�Â0ÈK�0�s�s{���Ä�0|~���0�0| �0«�®@|��0�s�OÈ���} � �0�0}�«F���0�0| �0«F�u��{�}�«�}u��� ¶ |~�0|�{��0�0|��~��}�� �0�s��}u�0 J�u�0�0�OÈF«u�Ø�u�s `} � |~��Ä��{�«u�0|<�0«F���s{�}�«u¬½¡l�0}h®@|~�l�s�0�
«�¬�~}u�0��¡��~�0|�� ¶ �s�9¡.t5Æ��9�Ø�0|~��{�«�|R}u�~�0}�«u¬ � ®K� � }���{u�sËR|�Ä�0�s�R�0}u��{h�u«�®K|~�0�0}u���s|�®@�Rª�¬½®K}°�0�~�0}h®@Âu��}u«F�u�0}a�s|~�0�0|��0¬«��0}u|«�|~�0«h®@|�{hÄÅ�0�0|�}�ª��K�h��}�«F���0�0|ut
Ê �s�9��{�}� ¼ª�¬½®@�%�0|"�±|~�0¬Q�Þ®@| � �9ÛVÏ<�0|��Ø� � �Ø�0�OÃ

• �K���~«��s{u�0|z J��{�|� J��{��0�s|~�~��} ¶ } �u�0�0�u�K��{h�sÈK�s}u��«�}h®K�0ÛVÏ<| ¶ }k�K�u�~�� J��{��s�0«F��{uÂ��Ø��«��0�Ó��ÄÏ<�0|Í}u{Á J�u�"�Á{h�uªF�Á���� `|~�s|~�0�s�Ð�������0�0|��~�0�s|a«�|�®K�0�0�0�0¬
φ∆x(x, ·)

´ {h�u�0�0|Í�����Ö�~��}�Ä
�0}���{�Â0È9�K�u J� ¶ �0�0�0|��0�0}���{�Â0È0�u `��®@�s{�� � �<�0}�®K�K¹�È9�9�u�Ð���� `}���{u}Ù��{�|Þ®@Â��0¬|z}�ªu»G|��s{�¬¼y��®K�9�K���0�0¬|Ö�°�9�0�0�s�0�o�K�%�u�z�z�0�0�0}�� ¶ �s�9�0�s|kyl�0|�{u�0|~ª���ÛVÏ<�0|Ö����Ï<|���{�«u}�«F�u�0���
��}��s{��s�s�F�h®KÂ��0} ¶ }Ö�0�0| � |�®@� φ(x, ·) = lim∆x→0 φ∆x(x, ·) :

• �0}���{��0}u|~�0�0|��u�K�Ù®@�s{��s�0|~���0��¡� `|�{u} � }�«d�s|"�<|��0�s����{u}�¡��u��{��0�0|��~�0�9¡ � �0�z�z|~�s|~�0�0�9Ä�h®@Â��s¬½¡!�9�K�u«u�0|~�0�s���!�Ø� � �Ù���s«F�u�s{u}�«�}��!{u|~}��s�0�#�0}�®K�OÈ8}����0}�«F���0�0¬½¡!�K�f�0|��0�0|�Ä�0¬«��0}u �«u|~�0«�®K|�{�Ä �0�0|�}�ª��K���~}�«F�u�s�0�5tKãý���0�0|\ `|�{�} � ¬��0|~}�ª�¡�} � �0 `¬ � ®0� �Ø� � �Ø� �z��Ä���0�s����{� `}����z|~�0¬��
�z�s���0�s���9®-���� `¬°È � ®K�l��� � �Ø�
�0}���{h� ¶ �K�u�s�0�0¬��K��� � |�®-�Ð�����y#{h�u È ¶ � |
�s��ËÖ�0}��s�~��®K| � }�«���{�Â��Ø��«��0�~�s `}���{uÂ���}��s�0|�®K�s�0�0}��s�0¬½¡��°�9�0�0�0�0��}u{ J�u�"�Á{h�uªF�k�s�� `|��0|~�s�s� :
• �0�0�s `|~�0|��0�0|%�0}���{u�0}�|��0�0} ¶ }��u�0�K���K��{h�����s�~��®K| � }�«��u�0�0Û �z�s���0�s|~�~�s��¡¼�~�0��{�|~ é�

�<�0�s}��0�0 ����0|~��{��0}� &�a®K�9�s{��F�u�s�0�
�K����®@�0�0�0¬½¡d J�u���±{h�uªu}�«0È@«��0�u��{u�0}���{u�l�%}��0��Ä
���u�s�0Û"�K����«u�s{�}�� ¶ � � �0} � �0�K�� `�0�0|~����}��l{u�9�0ªu�Ø®@|��s{��s}���{u� :

• ����{��K���0|~�0�s|±�K�u� ¡�} � �0 `}���{�|~�
«k�0«��u�s{�}u«�}��${�|~}u�0�0�f�s}�®K� �Ø�k�~�s|�{��0�~�0}h®@Âu��}u«F�u�0�s� J�u�"�Á{h�uª��0}hÄ �Ø��«��0�~�s `¬½¡l�� `��®@�s{�� � �0}�®K� φ∆x(x, ·)
È0�0}���{��0}u|~�0�0¬½¡d�z�0���0}�®@Âu�~}�«F�hÄ

�0�0|� P�0|��0�0|~�s¬«��0} ¶ }Ö«�|��0«�®@|�{�ÄÅ�s�0|~}�ªu�K����}u«F�u�0�s� :
• �0���0}�®@Âu�~}�«F�u�s�0| � �0���0�0|�{��0} ¶ }z«�|~�0«h®@|�{hÄÅ�0�0|�}�ª��K�h��}�«F���0�s� � ®0�<}��0�s���u�0���R�0|~�0�u��¡s�9Ä�0|~���0��¡%�0«��u�s{�}u«�¬½¡%�~�0��{�|�  :
• �0�0�s `|~�0|��0�0|� � |��k `|~�0¬°Èh�Ø�u«��s�Ó�sÏ<|��k}u{° J�u���±{h�uªF��Èu�<�Ø� � �Ø�K�u ��½�0|~�u��¡��0 `| � }u«�}��´

p
Ä � � �s�0|~���9}u�@¹ ¶ |~}u `|�{��s�0|~�����0}�®K�9�0|��0�0|�«�}u�~ `}ÙË��0¬½¡��z�s�~�0�0|��~�0��¡!��®K| � ��{�«��0�Ot

� {h�u�0�s &��®@| � ��{u«��s�0 ��0�s|�Ë � |±«���| ¶ }Ö}u{u�0}��Ó�s{u�Ó���u�0����}u{u�0}��0�s�f�0|�®K�0�s{�}u«�} ¶ }Ö�s��Ä®K�9�0|~�s�s� � «�}u�~ `}ØËÖ�0}u��{�Â±�K�uª�®@Û � |~�0�s� � �0�~�s�0|�{u�0¬½¡%�~�0 ` `|�{��0�s�%«Á� � |��0�0}�� �z��Ä���0��|�t



×

ùXú<; ��WGü c\ÿ\W>= ÿa^Jb`S@?.ÿaW
ß �0�~�s}�®@Âu�~}�«F�u�0�s|~ ��0|��0�0|��0¬«��0} ¶ }
«�|~�s«�®@|�{hÄÅ�0�s|~}�ª��0����}�«��u�0�s���~�z}��0 ý�Ø®@�s�0}�«F�u�0�d��}���Ä
�0|~�0�s�s�k `�0} ¶ }� J�u�"�Á{h�uª��0¬½¡R��®K�9�K�u�s�0¬½¡k�0�0}u�0|~���~}�«0t Ê ��{u|~ ��Ø� � ���0�s�k��}��0�0|Þ®K�0�s�0}��0�0}u��z�9�0�s�0�0�R«\�s�0}���{u�K�u�0��{�«�| «�|��0«�®@|�{�Ä }�ª��K���~}�«a�0}u��{��s}�|~�R `�0} ¶ }� J�u���±{h�uªu�0¬�k��®K�9�K�u�s�0¬�
�0�0}��0|��~��È0«�}����0�0}��s�~«�} � �sÏ±�0�$�~«�}u�0��{u«F� ¶ �Ø�u�~��}�«F� � |�®KÂÙ{h�ÙÄÅ��}��0�0|Þ®@�0�0}u«F�u�0�0} ¶ }A�±�9 J�sÈ0�0}
}u{�®@�0�K��ÛÍÏ<�s�0�Ó� }u{±�0�F�0 `} ¶ }±«�|��0«�®@|�{�ÄÅ}uª��K����� ¶ �������~}�«F�B�±�9 J�st ³ �z}����0}�«�|V�0}���{��0}�|��0�0}�Ä
¶ }R�0�0}u�0|~�����R«��0|��0«�¬|a�K�h���K�uªu}u{h�u�K�<{�|Þ¡��0�0�9�R�0|~�s{��9�0ªF��{u�0«��0} ¶ }Ö�0|��<|��0�s�$��{u}�¡��u��{��0�0|ÞÄ
�~�0��¡ � �0�z�z|~�0|��0�0�K�h®KÂ��0¬½¡%�9�K�u«��0|��0�0�%�0|z�0�0�0«u} � �sÏR�h�d�$�0|�{�®@|~«u¬ &�K�u� ¡F} � �s `}���{Ø�s t³ |��0�0|��0¬«��0}�|d«�|~�s«�®@|�{hÄÅ�0�s|~}�ª��0����}�«��u�0�0|d«��0|~�s«�¬|f�0���0}�®@Â���}�«F���0}!«��9�Ù�s|~��{u«�|
�u�0�h®@��Ä
{��0�0|��~��} ¶ }��0�s��{����� `|��s{h�!�0�s���0|"�±|~�0�0����{u}�¡��u��{��0�0|��~�0�9¡ � �s���z|��0|~�0�s�K�h®@Â��s¬½¡��9�K�u«�Ä�0|~�0�s�5t½¿Á®0���Þ®K�9�K�u�0�s}����~�9®@¬°È � |~�0��{�«u�9ÛVÏ<|~�Q«uª�®@�s�~���z�0���~�0�s}�«F�u�0�s} ¶ }¼ J�u�"�Á{h�uªF�sÈ«�¬�0�0�Þ®@|~�K�
} � �0}u�0|�{�®@|�«F���#�0}u�0�K�u«��9�f����} ���z���s�0�0|~��{u���0}u«�|~��¡��0}���{��0} ¶ }��K��{Ø�sË<|~�0�s�¶ �K�u�s�0�0¬ç�K��� � |�®-�
����� «l�9�K�u«u�0|~�0�s� Ê �u�s�s����ÄC�z�u� � �u�K�hÄ Ò �u� ¶ �sÈ2}��0�s�~¬«F�uÛVÏ<| ¶ }��0}���{�0�s{�|��0�z|~�0��}�«Ð«���®K�9�K���0�0¬½¡d�~�0| � �h¡.È ¶ |~}h®@} ¶ �s�0|~���s�9Û���{u�K��{��s���s�����0�0Û±È.�0}���{Ö���0|�Ë��0}�Ä¶ }!�s}��0�0}�«���� � �s� ¶ �0|d�0«�®@|��0�s�Ot!DÎ{u}o�0}u�~«�}�®K�s|�{ÙÈJ���K�h��¡F�u�K�u�s{u|~�0�s¬�& J�u�"�Á{h�uªo��®0��Ä�K�u�0�0}u�d����®@¬°È@}��0|��0�s{�ÂÖ|~|z«�®@�s�s�0�0|��K� ¶ ®-� � ��}���{�Â ¶ �K�u�0�0�s¬��K��� � |�®-��������t@Æ½¬�s�0��®@|��} � �0}��0|�{�®@|~«�}u�
«���®-� � «Ö�°�9�0�0�0�0Û }u{���®K�0�9�Ð�l��}��0�0|Þ®K�0�0�s}��0�s�9Ûé�°�9�0�0�0�0Û �0}�®K�f�~��}�Ä�0}���{u� � ®K����®0���0�������u«��0�Ó��Ï<|�� }u{± J���"�±{h��ªF�Á�K�����Ø�0�s�5È�}u�0�0| � |�®@|��0�0}�� «��0�0}���{��K���0��{u«�|«�|~�0«h®@|�{hÄÅ��} �~�z�z�0�0�s|~�s{u}�« � ®K�<��{�}�¡��u��{��0�s|~�~��} ¶ }Á�9�K�u«u�0|~�0��� ³ �u«�Â�|ÞÄ ß {�}u�9�~�st EI�0�s}u{�|���¬
�z}h®@ `} ¶ }u�0}�«F� ´ �°w0rÙ¹8����}u�0 ý�Ø®@�0�0}�«��u�0¬ � ®K�R J�u���±{h�uªu�0¬½¡���}� `�0}��0|��s{��0}�®K�<�~��}��0}���{��5È}��0�0| � |�®@|��0�0¬½¡d�z�0}� `}uÏ±Â�Û"«�|~�s«�®@|�{hÄÅ�0�s|~}�ª��0����}�«��u�0�s�Ot³ ��}��~�0}u«�|Á `�s} ¶ }� J���"�±{h��ª��0¬½¡f��®K�9�K�u�s�0¬½¡l�s�0}��0|��~�~}u«Ð�0�0| � ®@}ØËR|~�0���0}�«����${�|�¡��0�9Ä���$��{u}�¡��u��{��0�0|��~��} ¶ }��s«F�u�s{u}�«F�u�0���5ÈI�~«u}�ª�} � �K��� ´ �0�0���~}�}u{u«�|�{u��{u«u�9ÛÍÏ<|�  «u¬ª�}��0|k��}���Ä�0|�®K��{�}��0���Þ®K�9�K�u�0�0}u� �~�9®@¬V¹l}u{��0|�{�®@|�«�¬½¡ �K�u� ¡�} � �0 `}���{u|~�5t ³ �&}��~�0}u«�|#�0|~�0�s|~�0¬«�Ä�0} ¶ }&«u|~�0«�®K|�{�Ä �0�0|�}�ª��K���~}�«F�u�s�s���0�0| � ®@}ØËR|~�" `|�{u} � �0|��0}����0| � ��{�«�|��0�0} ¶ }��0}u��{��s}�|~�0����0«F�u�s{u}�«�}�Ä �0}�®@|�«�¬½¡� `} � |�®K|~�o�K�d�u�z�z�0�0�0}�� ¶ �����s�0|uÈ8«� `|~��{�}f}uª�¬�0�0}d�0�~�0}h®@Âu�~�u|~ `} ¶ }|~«���®K� � }�«F�
�0�s}���{u�K�u�0��{�«F� Rd t Ê �0| � ®@}ØËR|~�s¬÷«F�u�s�K�u�s{� `�0} ¶ }� J�u���±{h�uª��s¬½¡P��}� ` ý��{h�hÄ
�0�0}��0�s¬½¡%�~}�}u{u�0}
�±|~�0�0�d�%�9�0}u��� � }��0|��0�0|�}��0|��K��{�}u�0}�«0tÊ �0| � ®@}ØËR|��f�z}��0 J�h®K�s�� ¼�0«F�u�s{u}�«F�u�s�s�%�0|~�K���F¡��0�s|~�~�s��¡l���0��{u|~ t Ê }���{u�0}�|��0} ¶ ��®@Â�Äª�|~�s{u}�«�}a�s�0}���{u�K�u�0��{�«�}z��}���{u}Ù�s�0�0� � ®0�<�0«F���s{�}�«u¬½¡<�0|��K�u��¡��0�0|��~�0��¡R�~�0��{�|~ ��< J�h{��0�0�0���®@}u{u�0}���{u�5tF��{h�u�0�0 ��~�s��{�|� J�u �}u{��0}u�Ó�s{��Ó�OÈI�K�u�0�s�0 `|~�5ÈO��{�}u `�0¬|R��®-�u��{�|��0¬°ÈI�0«F�u��{�}�Ä
«�¬|°{�}��0�s�5È@ª�}�®@Â
�±�0|zª��0}�®K} ¶ �0�s|~�~�s�0|Á `}h®@|~�s�Ø®@¬°t

Ê }���{��0}u|~�0}a�s|~�0�0|��0¬«��0}u|½«�|��0«�®@|�{�ÄÅ�s�0|~}�ªu�K����}u«F�u�0�0|Î�K� � �0}�®@|�  p ÄÅ� � �0�s|~�~�s��¡Á�0�0�~|Þ®
Qp
t Ê }���{��0}u|~�<���K�h®@} ¶ � �s�~�0�0|�{��0} ¶ }a«�|��0«�®@|�{�Ä �0�0|~}uª��K���~}�«F�u�0���±�J«�|��0«�®@|�{�}� �Ga���u�K� �K� ��0}�®@|�  Qp t Ê �0| � ®@}ØËR|�� ¶ |~}u `|�{��s�0�0|~���0�0���s} � ¡F} � � p Ä � � �0�0|��~��}��#�0«F�u��{�}�«�}u�o{�|~}u�0�0��0}�®K�OÈF�0|Í��«�} � �sÏ±�0�0�Ó�Ö�Ð� � |Þ®@Â��0}u ý�k�K����®K}ÙË<|~�0�0Û��0}����hË � }u���s� d ��}�}u� � �0�K��{±« Qdp È���~«u����¬«F�uÛVÏ<�0�d}��~�s}�«F�u�0�s| Qp �z�K���� `|��0�0}���{�Â�Û��0�0}u��{��0�u�0��{u«F� p = d+ 2

tKÆ½¬ � «��0�s��{�}



w

�0�0| � �0}�®@}ØËR|��0�0| } {�}� Èh�s{u}\�K�uªh®@Û � �u|� J���R�u�s�s��}u{u�0}��0���< `�0�0�s}�«�}�®@�s}�«�} ¶ }Í�0|Þ®@�0�s{u}�«�}�Ä¶ }<�s��®K�9�0|~�s�s�$ `}ØËR|�{Rªu¬ {�ÂR��®K| � ��{�«��0|�  � �s�~�0�0|�{��0}u� p Ä � � �s�0|~���9}u� ¶ |~}u `|�{��s�0�$�K�u�0�0|��Æ½�~|Þ®@|~�0�s}��5t�¿<�u�0�0¬� �s} � ¡F} �  `}ØËR|�{kª�¬ {�Âk�0���0}�®@Â���}�«F��� �����  `} � |�®@Âk�0�0}u�0� ¡F}ØË � |~�0����0|~�0�s|~�0¬«��s} ¶ }��0�0}���{��K�u�s��{�«��Ö�s� � �0���0�0|�{u�0} ¶ }Ö `�0}ØËR|���{�«��H��®K|~ `|~��{�}�«0t
ß �0}� `}�Ï<Â�Û �0|��0�0|��0«�¬�0} ¶ }!«�|��0«�®@|�{�Ä �0�0|~}uª��K���~}�«F�u�0���5Èý} � �0}u«��0|~ `|��0�0}��#�0|����u«���Ä�~�0 `}Ð}�{ �K�uª�}�{�¬I�â×�Ü	�DÈ.}�ªu�K�u�s��ËR|��l���u `}u�0} � }�ª��0¬�f¡F�u�K�u��{�|~���K���~�0�0| � |�®K|~�0�s�������9®@|~}�Ä{�� � }u«Ö«��0}���®K| � }�«���{�|Þ®@Â��0}���{Ø��¡$¿ ³ �RÈ@�R{h�u�sËR|��0} � {u«�|~�FËR|��0}Ð�K�h®K�0�0�0| � �h®@Âu�0��¡%��}���Ä�0|�®K�s�0�0�%«������9®@|~}u{u� � �0¬½¡f�0}��Þ®@| � }�«F��{u|�®@Â��s}���{Ø�9¡OtÆÎ�0|~�0«u¬|°�0�0| � ®@}ØËR|~�$ `|�{u} � �K��� � |�®@|��0�s� ¶ �������~}�«�¬½¡ �0�0��}�«R�0�0�$���K�h®@�s�~|J�~�����0|~�0�9Ä

 `|~�s{h�h®KÂ��0¬½¡ � �u�s�0¬½¡R�K�°}����0}�«�|½�0|~�0�s|~�0¬«��s} ¶ }Á«�|~�0«h®@|�{hÄÅ�0�0|�}�ª��K�h��}�«F���0�s�5Èu�s{�}z«F��Ë��0}
� ®K�$�Ø� � �Ù�d�u�K�Ù®@�s�Ø�R���0|~�s{u�0}�«0È@ J�u����Ä �~�0|��s{��0}u�~��}��0�0�OÈ5�u�K�Ù®@�s�Ø�A��®K|~�s{u�0}��z}��0} ¶ �K�u ` t

ùXúLK ��WGü c\ÿ\W>= SNMÍ_aW`[\]2S\c@���.[W>=�OJ�5ÿ\ÿ\^��.]8þ
Ò �K�Ø�0�0 `}���{�Â��K�uª�}u{u¬����u��®@ÛÍ�K�u|�{u�Ó�l«R{�}u È-��{�}0Ã
r�t ³ �k}u�~�0}�«u|Á«�|��0«�®@|�{�Ä �0�0|~}uª��K���~}�«F�u�0���d� � �h®K}��~Â��0}���{��0}���{�ÂÐ��{�}�¡��u��{��0�s|~�~����Ûé{u|~}�Ä�0�0Ûî«�}u�� ý��Ï±|~�0�0�&��«�}�ª�} � ����Ûî}u{��K�u� ¡F} � �s `}���{u|~� � ®K�¼ `�0} ¶ }u J�u�"�Á{h�uª��0¬½¡��~��Ä��{u|~ t
x�tVÆ½¬�0�0�Þ®@|~�!} � �0}��0|�{�®@|~«�}u��«���®-� � «f��} ���z���s�0�0|~��{l�0}�«u|~��¡��0}���{u�0} ¶ }
�K��{Ø�sË<|~�0�s�
� ®K�o�9�K��«��0|~�s�s� Ê �u�0�s�~��ÄP�z�u� � �u�0�hÄ Ò �u� ¶ �sÈ+}��s�0�~¬«F��ÛÍÏ<| ¶ } � �0�0�u `�0�s� ¶ �K�u�0�s�0¬�K��� � |�®-�k������«��s�0�0����{u��{�«u�0�
��®K�9�K���0�0}��d�~��®@¬°È � |��0��{u«u�9ÛÍÏ±|~�
�K�k�z�0���~�0�0}u«F�u��Ä�0}� � J�u�"�Á{h�uª�|�t

×stVÆ&�K�u `�9�h¡%��{u}�¡��u��{��0�0|��~��} ¶ }$�9�K��«��0|~�s�s� ³ ��«�Â�|�Ä ß {�}����~�k� � �h®K}��~Â0ÈK�s|��s�0�0ª�| ¶ ���f�}�ª��0|��Ø�u�s�0Û��0}Á�0 `�s�Ø®@Â��~�u ���®@�Ö�0�~�0}h®@Âu��}u«F�u�0�0Û� `|�{u} � }�«R�0|��0}��0 J�h®K�s�Ø�u�s�0}��0�0}u�¶ �s�9�0�s¬°È½«�¬�0�s��®@�s{uÂ#�9}u�0|~�0�s¬�&} � �0}��0|�{�®@|~«�}u��«u��®-� � «��°���s�0�0�0Û }�{���®@�s���o�
�K�u�0����Ûî��}��0�0|Þ®K�0�0�s}��0�s�9Û �°�9�0�0�0�0Û � ®K�P��®K�9�K�u�s�0}��&�~�9®@¬ � |~�s��{�«���ÛVÏ<|����K��z�0���~�0�0}u«F�u�0�0}u P J�u���±{h�uª�|�t

w0tRQ<}��0 J�h®@���� ���{�}�¡F�u��{u�0�0|~����} ¶ }$�0«F���s{�}�«��u�0�s�$}�ªu}�ªuÏ<|��$�s��{�|~ P«�«�| � |~�0�s�$�Þ®K�9�K�u��Ä�0}��R����®@¬¼���u«��0�Ó��Ï<|���}u{� J�u���±{h�uª��sÈ��s{u}Á�0}���«�}�®K��®@}°�0}���{��0}u�s{�ÂÁ� ¡F|~ ý�<��{�}�¡F�u��{u��Ä
�0|~����} ¶ }��0«F�u��{�}�«F���0�s�%�~«�}uª�} � �s�9Û"}u{��0|�{�®@|�«�¬½¡f�K�u� ¡F} � �s `}���{u|~�5t

��t ³ |~�0�0|��0¬«��0}u|�«u|~�0«�®K|�{�Ä �0�0|�}�ª��K���~}�«F�u�s�0|°�K�u���0�0}���{��K�u�s|~�0}��K�<�0}�®@|
p
Ä � � �0�0|~���0��¡�0�0��|�® Qp t Ê �0| � ®K}ÙË<|~� ¶ |~}� `|�{��0�s�0|~���0�0�%�0} � ¡F} � � p Ä � � �0�0|��~��}��Ð�0«��u�s{�}u«�}���{u|~}�Ä�0�0���0}�®0�5È5��}u{u}��0¬� � �h®�«�}u�~ `}ÙË��0}�|±}�ªu»I�0���0|~�s�0|<� ¶ ®@}�«�¬½¡���}��0�s|�®K�s�0�0�5ÈI}�ªu�K�hÄ�s��ËR|~�s�0¬½¡$«+�~�����0|~�0�s `|~�s{h�h¡f�0}R�0����®@| � }�«F���0�0Û��u�0�s�~}u{��s}��0�0�% `�0�0�0}u«�}�®@�0}u«�} ¶ }�0|�®K�0�s{�}u«�} ¶ }��s��®0���s|~�0�s�Ot



�

àst © ���~«��s{u¬|< `|�{u} � ¬ «�|��0«�®@|�{�ÄÅ�u�K�h®@���Ø�Ö�Þ®K�9�K�u�0�0¬½¡l�°���s�0�0�0�f���u«��0�Ó��Ï<��¡f}u{Ö J�u��Ä
�±{h�uª��V��{h�h®@�z�Ø�u `|�{��0¬ l«u��®-� � }u d«��}� `�0ÂuÛÍ{�|��0�0¬|Î `|�{�} � ¬o�u�K�h®@���Ø��0|~�s«��0�0�0}u���{u�s�9�s{u�9�0¬�¿ ³ �kÈs�0�0�0 `|��s�0|� `¬|±«k�K����®@�0�0�0¬½¡ ®@�uª�}��K�h{�}��0����¡.t-ºaª��K�u�s��ËR|��0�0}�|
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» õçå½¼�ó�ï¿¾ êÁÀZôZó ï�êîæµå÷ñ�ø
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�0�0�0«u| � |��0}$�0�K��{u�9}u|�����®@}ØËR|��0�0|R�~} � |��FËk�u�0�s�
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�0�0| � ��{h�u«�®0�0|�{Ð�~}�ª�}u�d `|�{�} � È-�K�u�0ª�}h®@|~|Á� � |��0«F��{u�0¬�f�0|~�h®@Â��s¬ ��s�� `|��0|~�s�s�0 &�z�s�~�0�0|�Ä�~�0��¡l«�|�®K�0�0�0�5ÈI��}u{u}��0¬|R«���| ¶ � �$}����9Ï±|~��{�«�®K�sÛÍ{u�Ó�o�<��}��0|��0�0¬ ��K�����s|"�<|��0�0|� t Ò � |~�~ÂËR| � �uÛV{��Ó��}��~�s}�«��0¬|k�~«u| � |��0�s���s�R{�|�}��0�0���0|��0�0|~�s¬«��0} ¶ }f«�|��0«�®@|�{�ÄÅ�s�0|~}�ªu�K����}u«F�u�0�s��<{�|~}u�0�0� ¶ �s�9�0�OÈ�����Ï<|���{u«�|~�0�s¬| � ®K� � �h®@Â��s|~�z�±| ¶ }��s��®@}ØËR|~�0���5t Ê �0�0«u} � �s{��Ó�k�F� � {u|~}�Ä�0|~ ÈK�0���0}�®@Â��~��|� `¬½¡d�0�0�d�u�K�h®@����|°®@}��9�h®@Â��s}��$�0| ¶ �Ù®0�0�0�0}u��{��f�z�9�0�s�0�0�5t
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x′ = ax + b.
´ rØ¹
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L2(Rd)

U(a,b)[ψ(x)] = |a|− d
2ψ

(
x− b

a

)
.

´ x�¹

� | ¶ ��}$�0�0}�«u|~�0�s{uÂ0ÈI�s{u}% `|��K�ÆG°�����K�
dµL(a,b) = daddb

|a|d+1
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®@|�«�}��0�s«F�u�0�K���s{��0}u�
 `|~�0}�� � ®K�%«���|�¡ a 6=0

t
Ç «��s¬| ��}u�0 ý�Ø®@¬ �0|~�0�s|~�0¬«��s} ¶ }�«�|~�s«�®@|�{hÄÅ�0�s|~}�ª��0����}�«��u�0�s�#«l�s�0}���{u�K�u�0��{�«�|

f ∈
L2(Rd)

�s `|~ÛÍ{�«�� �

Wψ(a, b)[f ] =

∫
|a|− d

2 ψ̄

(
x− b

a

)
f(x)ddx

´ ×F¹

f(x) = C−1
ψ

∫
|a|− d

2ψ

(
x− b

a

)
Wψ(a,b)[f ]

daddb

|a|d+1
.

´ w�¹

á ��®@}�«u�0|§È�0ÊÉ&Ë1."*+(yÌ�0�."*+(KÈX�K�u��®-� � ¬«F�u|� `}�|f�K��ªF�����s�~�0¬�&«�|��0«�®@|�{ ψ ÈÎ}�ªu|~�~�s|~�0�0«��uÛVÄÏ<|~|Í����Ï<|���{u«�}�«F�u�s�0|a}�ª��0��{��0} ¶ }�«�|~�0«h®@|�{hÄÅ�0�0|�}�ª��K�h��}�«F���0�s� ´ w�¹ÞÈ9 `}ØËR|�{±ªu¬ {�Â±�s}�®K�9�0|~�s}
�s��{�|~ P�0�0�0 `|��0|~�0���l�0�0|�}�ª��K�h��}�«F���0�s��Q±���sÂ�|Á�%«�¬�K�hËR|~�0���0  ´ ×sÈâw�¹�t9¿�®K�%�s�~}u{��s}��0�0¬½¡
ªF�����s�~�0¬½¡%«�|��0«�®@|�{�}�«

ψ
}��0}k�0 `|�|�{�«�� �

Cψ = 2S−1
d

∫ |ψ̃(k)|2
|k|d ddk <∞, ´ �u¹

¶ � | Sd = 2πd/2

Γ(d/2)

yÖ��®K}uÏR� � Â�| � �0�0�0�s�0}��f���z|~�0¬°t
ÆÎ|~�0«�®K|�{�Ä ��} �~�z�z�0�0�0|��s{�¬ ´ ×�¹R `}ØË��0}��K�u�~�� J��{��s�0«F��{uÂo�9�u�¼�s|��~�Ø®@ÂØ{h��{o�s�� `|��0|~�0���

�z�9�0�s�0�0�
f
«°{u}��0��|

b
r�0}� `}�Ï<Â�Û��s�~ `|~�0�s{u|�®@Âu�0} ¶ }Á�s�� `|��0�s{u|�®@Â��s} ¶ }Á�0�0�0ª�}u�K��� ���0|~��Ä

{u�9�0}��
ψ
�0�0��¡F�u�K�u��{�|~�s�0}� Q�K���~�0|"�±|~�0�s�

a
tIãý�u�0�s �}�ª��0����}� �«�«�} � ��{��Ó�o�s}�«�¬����®-�u���
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�z�9�0�s�0�0�5È����u«��0�Ó��Ï<��¡��9�u�k}u{z��}�}�� � �s�K��{�¬°ÈF{h�u���k}u{z J�u���±{h�uªF��tyQ<�9�0�s�0�0�k�Ø�u«��s�Ó�sÏ<�s|}u{z J�u�"�Á{h�uªF�sÈF�s}�����{��5È���ËR| � ��«��0}z�0�~�s}�®@Âu����ÛV{��Ó��«°�z�s���0��| �~�9®@}
�<�s¬½¡��~�0| � ÈF�0«F�u��{�}�Ä«�}��°{�|�}��0�0���0}�®K�OÈ�« � �s� ¶ �9¡��K��� � |�®-�h¡° J��{�|� J��{��0�s|~�~��}��±�������0�0�OÈÙ�{h���sËR|J�0�0���u�K�Ù®@�s��|«��0|~ `|��0�0¬½¡±�F� � }�«Í«@���9}u�0}� `�0��|½�±ª��0}�®@} ¶ �0�0|��~�0�9¡<�K���9�9�h¡.t�ã8|~}��s�s�Á{h���0��¡±�z�9�0�s�0�0� � }�~��¡Ð�0}��$�0|a«�¬ � |�®@��®@�u�~Â�«R���u `}u��{�}Ø��{�|�®KÂ��0¬�f�0��� � |Þ®d J��{�|� J��{��0�s|~�~��}��d�z�s���0�s�5È�¡F}�{Ø�«��~|°�0�s| � �0}u�~¬½®@�0� yÖ�K�Ø�0�0�K���$�°{u|~}��0�s���°}�®@ `} ¶ }��0}u«F�<�K���~«��s{�}u� ¶ � � �0} � �0�0�u `�0�0|��~��}��{u�9�0ªu�Ø®@|��s{��0}u��{��OÈV�P�9}u�0�K���P `|�{�} � �� `���s|~�0}��s J�h®@�s���u�0�0}��s�0}�� ¶ �����s�0¬î«!�0«F�u�s{u}�«�}��
{�|~}u�0�0�l�0}h®K�$y � ®K����{�} ¶ }Ð�0 `|�ÛÍ{u�Ó�5tOã8|~ ¼�0|± `|��0|~|�È.«�|��0«�®@|�{�Ä �0�0|~}uª��K���~}�«F�u�0�s| � }Ö����¡�0}��o}���{h�u|�{u�Ó�#�0}fªu}�®@Â
�±|~�o�K����{��!®K�z�<Âl�s�0��{u�s�9 `|~�s{u}�  � ®0�o�u�0�h®@�s��� � �u�0�s¬½¡OÈG®@�0ª�}�0�~�0}h®@Âu�~�u|�{u�Ó� � ®0�#�0}���{u�0}�|��0�s� ¶ �h®@|��0�0�0�s�~��} ¶ }�ªF���~�0���l�0�s���s|"�<|��0�0� � �0�z�z|~�0|��0�0��Ä�h®@Â��0¬½¡��9�K��«��0|~�s�0�5t ³ �%�9�Ø�0|~��{�«�|��0�0}� Q�9�0}�«u�0|uÈG� � |������u«��0�Ó��Ï<��¡��9�u��}u{d J�u�"�Á{h�uªF�sÈ{h�u�P�¼}u{!��}�}u� � �0�K��{u¬ �°�9�0�0�s�0�

va(x)
y����9}u�0}���{u��{u�9�0ªu�Ø®@|��s{��s¬½¡&�s�Ø®@Â��~�u�0�0�¼ J�u��Ä

�±{h�uªF�
a
y<�9�u�����u `}���{�}Ø�s{u|�®@Âu�0} ¶ }Á}�ªu»G|��s{h���s `|~|�{u�Ó�Ö��ËR| «z{��s� � �h¡ ² t ³ tÍ�°}�®@ `} ¶ }��0}�«F�

����Õ�� È0} � �0�u��}���{��0} ¶ } ¶ }� J��{�|� J��{��s�0|~���9} ¶ }Ð}��z}��s +®@|~�0���9��{h��� � |��${�} ¶ � ���0|z�0}h®K�9�0��®-�stÆÎ} �@�0�@�8� °ÎÄ ±+�s�-� ´ � ß ®K�9�K�u�s�0¬|Ð�0�0}u�0|~���~¬ �!�0«��u�s{�}u«F����{�|~}u�0�s���0}h®K��� ¹ � �u|�{u�Ó�}�ªu��}u�¼ `|�{�} � }�«��0«F�u��{�}�«�}u��{u|~}��0�s�P�0}�®0�5È`«��9}u�s{�|��9��{�|l�s|~}�ª�¡F} � �s `}���{u���0�~�s}�®@Âu�~}�«F�hÄ�0�s�$�°�9�0�0�0�0�OÈ@���u«��0�Ó��Ï<��¡%}�{� J���"�±{h��ªF�st © ���~�~ J�h{��0�0«��u|�{u�Ó�l�~«��s��Â��0«F���s{�}�«u}��0}�®@|�«�¬½¡
 `|�{�} � }u«���}���{�}�¡��u��{��0�s|~�~�s�0 `� � �0�z�z|~�0|��0�0�K�h®KÂ��0¬ `�d�9�K��«��0|~�s�s�0 `�5tºa�0� ¶ �0�K�Ù®@Â��K���f�K�u��{�Â � �s�~�~|��s{h�u�0�s���0�Ù�s�0�K�u|�{��Ó�
� �0�2�9�zÏ-� °ÐÄ ±8�0� ¯ò´ � ¸%�0} ¶ }u J�u��Ä
�±{h�uª��s¬|Ð��®K�9�K���0�0¬|Ö�s�0}��0|��~�~¬!� ¹�t+ºa�~�0}�«u¬«F���0��Âf�K�$� � |���¡���}�®@ `} ¶ }��0}�«u�~��}���{u|~}��s�0��K����«u�s{�}���{����sªu�Ø®@|~�s{u�0}���{����Í��Õ��½}
«u�Ø���0 `} � |~�0��{�«��s�¼�s�Ø®@Âu���u�0�s���0����®@�s�0�0¬½¡# J�u���±{h�hÄª�}�«0ÈJ�
{h�u�¼Ë<|%�0��{u}� ÈJ�s{�}����K�Ø�0|��0�s���s|��h®@Âu�0}!�s�~ `|~�F�0|� `¬½¡¼�������0�0|��~�0�9¡�«�|Þ®@�0�0�s�
«��~| ¶ � ��«u¬�0�0��®0�0|�{u�Ó�P�9�u���~�s| � �0|�|%�~�K�Ø�0|~�s�0|$�0}��0|~��}u{u}��0}� ý�#�z�s�~�0�0|~����}� ý�#}�ªu»G|� ý��È�u«u{�}u� }�ª�}�ªuÏ<�u|�{<�0�0}��0| � �9�s�#� �����0| � �s|~�0�s�%�°�9�0�0�0�s� φ �K�< J�u���±{h�uªu| l �ÓtiDÎ{h�R�0�s}��0| � ��Ä�K� ´ �~ tI�K���0�0�0 `|��Ñ�Çx�r"� ¹a�~}���{�}��s{f«$�0�s{�| ¶ �0�s�0}�«F�u�s�0�Ò� �s��{��s�0�0} ¶ }	���0}�®K������}��0}���{��o�0}
}�ªu»G|~ ý�

(∆x)D
rz�0|~��{��0}� P«�{u}��0��|

x
Ã

φl(x) = l−D
∫

|y|<l

φ(x− y)dDy
´ àF¹

«
D
ÄÅ `|~�s�0}� �|~«���®K� � }�«�}u P�0�0}u��{��0�u�0��{u«�| RD tºa�0�s| � |Þ®@|~�0�s| ´ à�¹½�~} � |~�FË��s{������% `�s�0�0 ý�9  � «F�R�0�s| � �0}h®@}ØËR|~�0���5Ã ´ a ¹Ór���Ï±|~��{u«�}�«F�ÙÄ�0�0|�� �0��{��0�s�0} ¶ }��$�0}�®K�

φl(x) : l → 0 : ´ ada ¹z} � �0}��0} � �0}u��{�Â� `|~�0¬ dµ(y) = dDy
t�DÎ{u}

� }���{h�h{�}��0�s}Ð�~��®KÂ��0¬|±�s�0| � �s}�®@}ØËR|~�s�s�5È-�~�0�0�u«�| � ®@�0«�}���{�ÂÐ��}u{u}��0¬½¡d{��0|�ªu��|�{ �0�0}u«�|~�0�s�«V�Þ®K�9�K�u|X��}��0�0�0|�{��0¬½¡±�z�s���s�0|~���0��¡Á�0�0}��s|~�~��}�«0thÆ��K�u��{u�0}���{��<}��s���s|Î���0�K�u«�| � ®@�0«u¬ � ®K�¶ � � �s} � �0�K�u `�0�s|~�~��}��
{����sªu�Ø®@|~�s{u�0}���{��5ÈI��} ¶ � ���0�0}Ø�0«�®0�0|�{u�Ó�
�0|��0|~ `|�Ëk�u|~ `}u��{�Â : �����0| � Ä�0|~�0�s|VËR| �0}�ª�|��~��}��0|��0�0}< J�h®K}� ý�R}�ªu»G|� ý�R `}ØËR|�{Á}��9������{�Â��Ó���z�s���s�0|~���0�Ðª�|��~�~ `¬�Þ®@|~�9Ä
�0¬ P��} ¶ � �A��{u}u{Ð}uªu»G|~  � }���{h��{�}��s�0}Ö J�h®It
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ºa��«�}�ª�} � �s{uÂ��Ó�<}�{@��{���¡±�0�0| � �0}�®@}ØËR|��0�0�5È��9�u�±ª�¬½®K}\�0�0| � ®@}ØËR|��0}°�u«u{u}��0}� f«Í�K��ª�}u{�|
�Çà	�DÈ0 `}ØË��0}k�0�~�0}h®@Âu�~���l���9���0}� `¬��0�K��{u�0}�ÄÅ J���"�±{h��ª��0} ¶ }Ð�u�K�Ù®@�s�Ø�o�ÇxuÜsÈ@x�Ú	�I�%�0|~�0�s|~�0¬«�Ä
�0}�|a«�|��0«�®@|�{�Ä �0�0|~}uª��K���~}�«F�u�0�s|ut Ê �0�0 `|��0|~�s�0|z�0|~�0�s|~�0¬«��s} ¶ }k«�|��0«�®@|�{�ÄÅ�s�0|~}�ªu�K����}u«F�u�0�s�

v(x, ·) =
2

Cψ

∫ ∞

A

dl

l

∫

Rd

ddbl−dψ

(
x− b
l

)
vl(b, ·)

´ Õ�¹
���9�K�u«��s|~�0�s�s  ³ �u«�Â�|ÞÄ ß {u}������d�s}u��«�}h®K�0|�{l�K�u���~ J��{u�0�0«F�h{�Â

vl(b, ·)
�9�u�����u `}u��{�}Ø��{�|�®KÂ�Ä

�0¬�f}�ª�»G|~�s{Ùt@ãý���0�0 P}uª��K���~}� È ¶ � � �0} � �0�K�u `�s�0|~���9}u|<�0}�®@|��~��}��s}���{u� ´ ��®K� � �s� ¶ }��f�z��Ä���0�0|��~�0�s���s�0}��0|��~�Ø¹G{�|~�s|~�0Â° `}ØËR|�{°}��0�0��¬«F��{uÂ��Ó�R�K�uªu}��0}� l�°�9�0�0�s�0� {vl(x, ·)}l È��0� � |~��Ä�~�0�s�u|~ `¬ ��K�u�K�� `|�{��s}� # J�u�"�Á{h�uªF�
l
t Ê �0| � |�®KÂ��0¬�$�0|~�s|�¡F} � « ´ Õ�¹X�Ö«��0|~ J���"�±{h��ª��0}� ý��0}�®@Û ´

A→ 0
¹½�0�s�9��{�}� ¼ `}ÙË<|�{��%�s|�����Ï<|~��{�«�}u«F��{�Âst

º\{u���h�Ð}u{f����Ï<|���{�«u}�«F�u�0�����0�0| � |�®@Âu�0} ¶ }f�0|~�0|Þ¡F} � �f� � �0�z�z|~�0|��0�0�0����|~ `}u ý� ´ «u�0|�Ä J�u�"�Á{h�uª��0}� ý�s¹z�0}�®@ÛÁÈ2�s�0| � ®K}ÙË<|~�0�0¬�#��«u{�}��s}� �«%�K�uª�}u{u|��âà��DÈG�0}u��«u}�®K�0|�{l�0�s}�«�} � �s{uÂ}��0�0�~�u�0�0| ¶ � � �s} � �0�K�u `�0�s|~�~��}���{����sªu�Ø®@|~�s{u�0}���{���«f�K�u `�9�h¡���{�}�¡��u��{��0�s|~�~�s��¡ � �0�z�z|�Ä�0|~�0�s�K�h®@Â��s¬½¡d�9�K��«��0|~�s�0�l���K�u�K�u `|�{��K�� `�5È-���u«��0�Ó��Ï<�0 `�f}u{Ö J���"�±{h��ªF�sÈ@«Ö�0}h®@�0}� ¼�~}�Ä
}u{�«�|�{���{�«��0���Á� � |��s `�
��}�®@ `} ¶ }��0}�«�����}��f{�|�}��0�0�l{��9�0ªu�Ø®@|~��{��0}���{��5t�DÎ{u} � �u|�{ «�}u�~ `}ÙËkÄ�0}���{uÂz�0�~�Þ®@| � }u«F��{�Â n Ä {�}u�0|~�0�s¬|V��}��s�0|�®K�s�0�0}��s�0¬|Í�°�9�0�0�s�0� ¶ � � �s} � �0�K�u `�0�s|~�~�s��¡��0}�Ä®@|~�5ÈK«��~�s{u¬½¡%«k�K�����s¬½¡${�}��0�9�h¡%�$�K�R�K�h��®@�0�s�0¬½¡d J�u�"�Á{h�uªF�h¡.È-�R��®@| � }�«F��{u|�®@Âu�0}�ªu}�®@|~|{�}��0�s}P}��0�s| � |Þ®K�s{uÂ�«�®@�s�s�0�0|��0�s�9�0�s}� J�u�"�Á{h�uª��0¬½¡�«�}u�~ ý�9Ï±|~�0�s���K�# `|�®@��}� J�u���±{h�uªhÄ�0¬|uÈ@�R{h�u�sËR|z�0����®@| � }�«F�h{�ÂÖ��«�}��0��{�«F�k�0|��0|~ `|�Ëk�u|~ `}u��{��Ot¿�®K��}�ªu¬�0�0¬½¡���®K�9�K���0�0¬½¡!�0�0}��0|��~��}�«f«u{u}��0} ¶ }f�0}u��� � �9� X(t, ω), t ∈ R, ω ∈ Ω«�|~�0«h®@|�{hÄÅ}�ª��0���

Wa(t, ω) =

∫

R

1√
a
ψ̄

(
u− t
a

)
X(u, ω)du, t ∈ R, a > 0, ω ∈ Ω

´ ÜF¹
{h�u�sËR|±�s«�®K�s|�{��Ó���Þ®K�9�K�u�0�s¬ ��0�s}��0|~���~}� t Ê �s�S��{�}u ���«u{�}���}��s�0|�®K�s�0�0}��s�K�����°�9�0�0�0�s�
�0� ¡F} � �0} ¶ }Ö�Þ®K�9�K�u�0�s} ¶ }��0�0}��0|��~�~� ´ RX

¹½}��s�0| � |Þ®K�0|�{Ð��«u{�}���}��s�0|�®K�s�0�0}��s�s�9Û �°�9�0�0�0�0Û«�|~�0«h®@|�{hÄÅ}�ª��0���Ø� ´
RW

¹�Ã

RW (a, t, b, s) ≡ EWa(t)Wb(s) =

∫
1√
ab
ψ

(
u− t
a

)
ψ̄

(
v − s
b

)
RX(u, v)dudv.

´ ÚF¹
Æ��K��ª�}u{�|B� wFÚ��K�u«u{�}u�0}� �ª�¬½®@}z�0}��9�����u�0}0È���{�}��K�u�~�� `}u{��s|~�0�0|V�0�0}u��{��0�u�0��{u«F�Á�Þ®K�9�K�u��Ä

�0¬½¡
«�|��0«�®@|�{�Ä �9}
�~�z�z�0�0�0|��s{�}�«
Wa(t, ·)

�������~�u `}���{�}Ø�s{u|�®@Â��s} ¶ }%«�|~�s}Ù��{��0}u��{��s} ¶ }%�0�0}�Ä
��{��0�u�0��{u«F�Ð�0�0| � }���{h�u«�®K�s|�{$ªÓÔ\�®KÂ
�<�0|�«�}u�~ `}ØËÖ�0}u��{��OÈ.�0|� �}u{u}�ª��K��Ë<|~�0�0|Á�0�0}���{��K���0��{u«F���®K�9�K�u�s�0¬½¡Ð�°�9�0�0�s�0�Ð«±�s�0}���{u�K�u�0��{�«�}±��¡�«�|~�0«h®@|�{hÄÅ��} �~�z�z�0�0�s|~�s{u}�«0t�¿±|��0��{u«��s{�|Þ®@Â��0}sÈ
«u�~�s« � ®K�%�0�0}���{�}u{u¬ ¶ �Ø�u�~��}�«Öª�|Þ®@¬�o�±�9 

〈ξ(x1)ξ(x2)〉 = D0δ
d(x1 − x2), 〈ξ(t)〉 = 0

´ rØq�¹



rØq

�d�0�s}��s��«u| � �%«�|��0«�®@|�{�ÄÅ�s�0|~}�ªu�K����}u«F�u�0�0|��0}�®0���s�0  � ®0�d��}��s�0|�®K�s�0�0}��s�0}��f�°�9�0�0�s�0�

D(a1, b1; a2, b2) = D0

∫
dx

1√
a1a2

ψ̄

(
x− b2
a2

)
ψ

(
x− b1
a1

)
.

ß � �s� ¶ }�����{�}��s}��0¬°È��0|�{u�s� � �0}��0�0}�«u|~�0�s{uÂ0È��s{�}���}��0�0|Þ®K�0�s�0}��0�K�h���°�9�0�0�s�s���0�0}�}�ªu�K���Ø��0�0}��0|��~�~�

〈W̃ (a1, k1)W̃ (a2, k2)〉 = Cψ(2π)dδd(k1 + k2)a
d+1
1 δ(a1 − a2)D0

´ r�rÙ¹
{h�u�sËR|z�~}u«��K� � ��|�{���ªu|�®@¬ ��±�9 `}�  ´ rØqF¹Þt

Æ&�0|~�h®@Â��s¬½¡ �z�s���s�0|~���0��¡��~�����0|~�0�s `|~�s{h�h¡d�z�0���~�s�s��|�{��Ó�l���9�0|~�0�s}u���0�s�s�%�°®0����{u�F�ÙÄ
�0�0�
�K����®@�0�0�s¬½¡
 J�u���±{h�uª�}u«0t Ê }Æ��{u}��
�0�0�s�0�0�0|�È � ®K�l}u�0�0�����0�s� ¶ � � �0} � �0�0�u `�0�0|��~��}��{u�9�0ªu�Ø®@|��s{��0}u��{�� ��}��0�0�~�u�0�s� �0|����s}��F� � }��s|~�0�0¬½¡ �~�s| � � � }uª��0}�}�ª�}�ªuÏ±�s{�Â��0}��s��{��0|�~�0|��s{��K�Ù®@Â��0} ¶ }#�K����®K}ÙË<|~�0�s�P��®K�9�K���0�0¬½¡&�°�9�0�0�s�0�5È½���u��{�}��0����}�«F��«o��®K�9�K���0�s�9Û  `|�Ä
�s��ÈK}u{u«�|~�0�uÛÍÏÁ��Û��a®K�9�s{u���u�0�s�s  � �u�0�s} ¶ }k J�u���±{h�uªF�k�% `|~�s� �0� ¶ �s�9�0�0|� J�u�"�Á{h�uª��0¬½¡�0�0|~}uª��K���~}�«F�u�0�s�§�âà	�Dt

Ê �u�0� ¶ �K���I� ¸%�0} ¶ }u J�u�"�Á{h�uª��K������{�}�¡��u��{��0�s|~�~�9��� � �0�K�u `�s����� È5}����0}�«F���0�0¬���K�Ð�K�hÄª�}u{�|¤� wFÚ��DÈ �0}��~«��sÏ<|����s{u|~�K���0�0}��0�s}� ý���s|"�<|��0�0Ûò��{�}�¡F�u��{u�0�0|~����} ¶ }&�9�K�u«��s|~�0�s� � �u��Ä
ËR|~«�|��K� �  `�0} ¶ }� `}��"�Á{h�uª��0}u� ��®K�9�K�u�s�0}�� �~�9®@}��5Èd}��0�0| � |�®@|��0�0}�� « �0�0}���{��K���0��{u«�|
«�|~�0«h®@|�{hÄÅ��} �~�z�z�0�0�s|~�s{u}�«0t�DÎ{h� ¶ ®-�u«F����®0®@ÛÍ��{��s�0�s��|�{�«�}u�� `}ØË��0}���{�ÂP��}��s��{������s�0}�«F�hÄ
�0�s�#��®0���0�u�0�0¬½¡¼�0�0}u�0|~���~}�«��s��{�|�  �Ø� � �u�0�s����}��0�s|�®K�s�0�0}��0�s¬½¡��~«�}��s��{�«���¡#«u|~�0«�®K|�{�Ä�9}
�~�z�z�0�0�0|��s{�}�«d���s�~�0}�®KÂu��}�«��u�0�s��{h�u�0�9¡��0�0}��0|��~��}�« � ®0���s|"�<|��0�s���z�s���0�s|~�~�s��¡��Ø�hÄ
� �Ø�5tá �K�u«��s|~�0�0| � �u�sË<|~«�|��K�\�0«�®0�0|�{u�Ó�k} � �0}��k�s� �K���0ª�}�®@|�|}�ªuÏ±��¡k�u�s�0�0}����~�s J�u�0�0� � ®K�
� �0�K�u `�s�0|~���0��¡Ö�~�0��{�|~ È�«u�Ø���0 `} � |~�0��{�«u�9ÛVÏ<��¡Ð�Í�a®K�9�s{����s�s�9ÛÍÏ<�s P}��0���9Ë<|~�0�0|� t0ºa�0}«�}u���s�0�9�u|�{��0�0�#}��s�0���u�s�0�¼ J� ¶ �0|�{��0�9��«
�0�0�0���9{u��{u«��0���a®K�9�s{��F�u�0�s�� J� ¶ �s�s{��0} ¶ }��0}�Ä
®K�5ÈG�0�0�!}��0�0�~�u�0�0� ¶ � � �0} � �s�K�u `�0�0|��~��}���{u�9�0ª��Ù®K|~�s{u�0}���{u�5È`�0�0�!}��0�0�~�u�0�0� � �0�K�u `�0�s�¶ �K�u�s�0�0¬P�0��� � |Þ®-�°������k«�}° `�0} ¶ ��¡ � �s� ¶ ��¡R��� � �Ø�K�h¡o�Ç×sr�È�wFÜ9È�xuà�Èuw�Õ��Dt á �0�u«��0|��0�0| � �u��Ä
ËR|~«�|��K�±«�}����0�0�9�u|�{<{h�u�sË<|a«±�Ø� � �Ø�K�h¡Ö��{�}�¡F�u��{u�0�0|~����} ¶ }��0«F�u�s{u}�«F�u�s�s�Ð�9�h®@�sª��0}�«�}u�0�0¬½¡{�|~}u�0�0� : �0�0�#��{u}� È�«�«�| � |~�0�s| � }u�0}�®@�0��{�|�®KÂ��0} ¶ }±�z�0�s{u�0«��0} ¶ }Á«u�0|~ `|��0� t ÈF�0}���}u{�}u�0}� ý�}�����Ï<|���{u«�®K�0|�{��Ó����«�}�®@ÛÍ�0�s�5È@�d��®K�9�K�u�s�0}��l����®@¬��0�s| � ��{h�u«�®K�s|�{$�~}uª�}��%�0�0��{u}Ð J��{u|~ J�hÄ{��0�0|��~�0�s�l�0�0�0|� ½�â×�Ú	�Dt

Æo�0�u�0ª�}�®K|~|}�ªuÏ±|~�R�z}��0 `| �9�K��«��0|~�s�0| � �u�sËR|�«�|~�K�a `}ØËR|�{°ª�¬ {uÂ��s�0| � ��{h�u«�®@|��0}������
∂φ(t,x)

∂t
= U [φ(t,x)] + η(t,x), 〈η(x)η(x′)〉 = D(x, x′);

´ rÙx�¹
��®K�9�K�u�s�K���
����®-�

η(t,x)
�0�0| � �0}�®@� ¶ �u|�{u�Ó� ¶ ���u�~�~}u«�}��5È5�±�s�Ø®@|~«�¬ ����0| � �s�0 ��~�K�Ø�0|~�s�0|~ 

〈η〉 = 0
t Ò � |��~Â$� � �h®@|�|R�0�~�s}�®@Âu����ÛV{��Ó� (d + 1)

ÄÅ `|��0�0¬|R}�ªu}u���K�Ø�0|��0�s�
x ≡ (x, t), k ≡

(k, ω)
t



r�r

ß {h��� � �u�s{u�0¬�Ö `|�{�} � �0|"�±|~�0�����9�K��«��0|~�s�s� ´ rÙxu¹G�Ø����®@Û\�0�u|�{u�Ó��«u}a«�«�| � |~�0�s�� J�Ù®@} ¶ }�K�u�K�u `|�{��K�
λ
�0�0�
�0}u{u|~�0�s�K�h®@|k«u���u�0 `} � |~�s��{�«u�s� U È5�<�0}��Þ®@| � ��ÛVÏ<�0 ��s{�|��K�u�0�0}u�0�0¬ �0|"�±|~�0�0|� ����0��{u|~ `¬°ÈI«Ð�9��Ë � }� &�s}��F� � ��|<{�|�}��0�0�
«u}u�� ý��Ï<|��0�0�5t á ���0| � �0|~�0�s|R�0} ¶ ������Ä�~}�«�}u�Ö��®0���0�u�0�0}��Ö�~��®@|

η
�~«�} � ��{��Ó� ��«�¬�0�0�Þ®@|~�0�sÛ��K�u�0�s¬½¡Ö��}��s�0|�®K��{�}��s}�« 〈ηη〉 È���«���|��®@|~�s¬��~} � |���ËR��Ï<�0|��0|��0|�{u�0}�|±�s�0��®@} η }uª��K��Ï<�uÛÍ{u�Ó�f«k�s�Ø®@Â0t¯°���0}�®@Âu�~}�«F�u�s�0| ¶ �Ø�u�~��}�«�}�����®K�9�K�u�s�0}��Ö����®@¬�}uªu���Þ®@}�«�®@|��0}������� J��{u|~ J��{u�0�0|��~�0�0 `�OÈ

{h�u�o�o�z�s�~�0�0|~���0�0 `�#�0�0�s�0�0�K�u `�Ot ß } � �0}u�o��{u}��0}��0¬°È � ®K�!��®K�9�K��� ¶ �����~��}�«�}�����{h��{��9Ä��{��s�0�5È «��~|�«�¬���<�0|� `}� `|��s{�¬ ���u��{�}��0���~�9ÛÍ{u�Ó���0}�{�|�}��0|� `|!Æ½�s���#«#�0�0}�����«�| � |~�0����K�u�0�0¬½¡l��}��0�0|Þ®K�s{u}��0}�« : � � �s� ¶ }�����{u}��0}��s¬°È ¶ �Ø�u�~��}�«F� ��®K�9�K���0�K��������®-�Ð�0«�®0�0|�{u�Ó� � }�Ä��{h��{u}��0�0}k¡F}��0}	�<|~�l�u�0�0�0}u�9���0 J�u�0�s|~�d{u|~��®K}�«�¬½¡d�a®K�9�s{u���u�0�0�5È-�~} ¶ ®-�u���u|�{u�Ó�
�z�~}�}u{u�0}�Ä
�<|~�s�s�0 `��«u�Ø���0 `�0}���{���ºa�0�~� ¶ |��K�sÈ � ��|�{d�0�K�u«��9®@Â��0¬|k�~}u}u{��0}	�<|~�s�s�! `|�Ë � �l��}��0�0|Þ®K��Ä�0�0}��0�s}��R�°���s�0�0�0|��R�R�z�9�0�s�0�0|~�k}u{u��®@�0�9�+�â×sr�È9rÙÕ��Dt ß  J��{u|~ J��{u�0�0|��~��}��k{�}��0�s�k�~�0|~�s�s�5È
«F��Ë��0}���{uÂ¼�9�K�u«u�0|~�0��� � �u�sËR|�«�|~�0�¼}�ªu�u��®@}u«�®@|~�0�¼{h�u�sËR|§�~�0«��s«F�h®@|��s{��0}u��{�ÂuÛ� `|�Ë � ����~�s| � �0|��0�0|� ÷�0} ¶ �������~}�«u}�����®K�9�K�u�s�0}��&�~�9®@|
«!�9�K�u«��s|~�0�0� ´ rÙx�¹��P��|��0�0 J�u�s}�«��~�s�0 
�0�s{�| ¶ �0�s�0}�«F�u�s�0|~ ��0}��s��{Ø�0 !«�|�«���®@� � }�«�}��k{�|�}��0�0���0}�®K�OÈF��}��0��{u�s�9�0�s�u|~ `}�� �K�z}����0}�«�|�0}u{�|��0�0�K�Ù®-�

U [φ]
�$��}��0�0|Þ®K�s{u}��K�

D
t

¿�®K�d�0}���{��0}u|~�0�s�f�s{�|��K�u�0�s}��0�0} ¶ } �0|"�±|~�0���f�9�K�u«��s|~�0�s� � �u�sËR|�«�|~�K���0}u{u|~�0�0�0�h®
U�0�0| � ��{h�u«�®0�0ÛÍ{#«!«�� � |d���9 ` `¬µ®@�0�0|��0�0}��

L̂φ
�0�u��{u�5È½�0|Þ®@�0�0|��0�0} ¶ }�«u�Ø���0 `} � |~�0��{�«����

V [φ]
�%�0| ¶ �Ù®0�0�0�0}u�d«��s|"�<�s|~�f����®@¬

f(x)
Ã

∂φ(x)

∂t
= L̂φ(x) + λV [φ(x)] + f(x) + η(x)

´ rØ×F¹
© |"�±|~�0�s|Á�9�K�u«��s|~�0�s� ´ rØ×F¹½ `}ØËR|�{�ª�¬ {uÂ����0 `«�}�®@�s�0|~���0�d���u�0�0�~�u�0}�«�«u� � |

φ = Ĝ0[λV [φ] + f + η],
´ r�w�¹

¶ � | Ĝ−1
0 = ∂t − L̂,

 `}ØËR|�{
ªu¬ {�Âl�K�h��®@}ØËR|��K�f«f��{�|��0|~�0�s}��#��� � �0} λ ´ ��}u�0 J�h®@Â��s}� ý� J�h®@}� ý� �0�u�K�u `|�{��s�$�K�h��®@}ØËR|��0�s�@¹ «�� � � φ = φ0 + λφ1 + λ2φ2 + . . . .�z�u��« �0«��u�s{�}u«�}��l{�|�}��0�0���0}�®0�5ÈO{h�u���
«$��{h��{u�0��{u�0�0|��~�0��¡��Ø� � �Ø�K�h¡.ÈI�~�0| � �0|�|k�~�K�hÄ�0|~�0�s|<�0}�®K� 〈φ〉 �0}�®0���0�u|�{u�Ó���s��{�|~ ��0�0�s `|~�0|��0�s�l{u|~}��0|� `¬ ÆÎ�0�9�Ð�0�0�f�u�~�0| � �0|~�s�0���s}¶ �Ø�u�~��}�«�}��k��®0���0�u�0�0}��R����®@|
η
t Ê }h®@�K���±�°���s�0�0�s�AEI�0�s�K�

φ(x) =
∫
G(x, x′)f(x′)dx′, t ≥

t′,
}u�0�0| � |�®K�sÛÍÏR�h�Ð�����0| � �s|~�0�0¬�d�0}<�Þ®K�9�K�u�0�0}u�%����®@| η }u{u��®@�0� ���0��{u|~ `¬��K�±�0| ¶ �Ø®K�0�9Ä�s�9Û�����®K�

f
È�{h�u�sËR|��K�u����®-� � ¬«��u|�{u�Ó�f«��F� � �0} λ tÆÎ}u��Â� `|�  ¡F}u�0}
�<}��s�~«�|~��{��s�9ÛT `} � |Þ®@ÂÑ�z�u� � �u�0�hÄ Ê �u�0������Ä Ò �u� ¶ ��vx�à	� È}u�0�0�~¬«��uÛVÄ

Ï±�9Û � �0�K�u `�0��� ¶ �K���0�0�0¬�������«�}k�a®K�9�s{����s�s�9ÛÍÏ<|��
�~�0| � |uÃ

Ż − ν∆Z =
λ

2
(∇Z)2 + η,

´ r���¹



rÙx

¶ � | Z(x, t)
yl}�{���®@}u�0|~�0�s|��0�s}��z��®K� ¶ �0�u�0�0�0¬ �K��� � |�®-�$�����k}u{$�K��«��0}�«�|��~�0} ¶ }0t á �K�u«�Ä�0|~�0�s| ´ r���¹Á}u�0�0�~¬«��u|�{��0�0}u�0|~���~¬µ� � �~}��sª��0�0�# `�0�0�s}��K�u��{��0���s� ¶ ���~}�«�}��#������¬°È+�0}���{�~�0|�ËÖ�0} ¶ }��0}��0�0}u«F��� � �s� ¶ �0|Í�s�0}��0|��~�~¬°t Ê �0�0 `|��s�s��«�|~�s«�®@|�{Á�0�0|�}�ª��K�h��}�«F���0�0| �0}��0�0}�Ä��{��0�u�0��{u«�|~�s�0}� ý�d�u� ¶ �� `|��s{u�

Z(x) = C−1
ψ

∫
exp(ı(kx− k0t))a

d
2 ψ̃(ak)Z̃(a, k)

dd+1k

(2π)d+1

da

ad+1

´ rØàF¹

�%�9�K�u«u�0|~�0�sÛ ´ r���¹½�%�0�~�s}�®@Âu���u�d��®K�9�K�u�s�s�9Û ����®K��ÈK� � }�«h®@|�{u«�}��F�0ÛVÏ±�9Û �u��®@}�«u�s�0 

〈η̃(a1, k1)η̃(a2, k2)〉 = Cψ(2π)d+1δd+1(k1 + k2)a
d+1
1 δ(a1 − a2)D(a2,k2),

〈η̃(a, k)〉 = 0,

´ rÙÕ�¹

�0}���®K|��s|~��®K}ÙË��0¬½¡%�0�s|~}�ª��0����}�«��u�0�0�5ÈK���Á�s�s{�| ¶ �K�h®KÂ��0} ¶ }��9�K�u«��s|~�0�s�

(−ıω + νk2)Z̃(a, k) = η(a, k)− λ
2
a
d
2 ψ̃(ak)C−2

ψ

∫
(a1a2)

d
2 ψ̃(a1k1)ψ̃(a2(k− k1))

k1(k− k1)Z̃(a1, k1)Z̃(a2, k − k1)
dd+1k1
(2π)d+1

da1
a1d+1

da2
a2d+1

�0}�®K�9�0�0 ÈK«�} � �0}��s|�{�®@|�«�}� ��0�s�0ª�®@�sË<|~�0�0�OÈ-«u¬�K��ËR|��0�0| � ®K�%�°�9�0�0�0�0�d}u{��9®@�0�9�

G(k) = G0(k)− λ2G2
0(k)

∫
dd+1k1

(2π)d+1
∆(k1)k1(k− k1)|G0(k1)|2kk1G0(k − k1) +O(λ4),

´ rØÜF¹
¶ � | G−1

0 (k) = −ıω + νk2 ÄX�s�Ø®@|�«�}�|z�0�0�sª�®@�sËR|��0�0|��°���s�0�0�0�%}u{��9®@�0�9�sÈ-�

∆(k) ≡ C−1
ψ

∫
da

a
|ψ̃(ak)|2D(a,k)

´ rØÚF¹
y �����0| � �0|~�0�0���
�0}� J�u�"�±ªF�u &��}��0�0|Þ®K�0�s�0}��0�K�h�l�°�9�0�0�0�s�f�~��®K¬°t ² �K�h®@} ¶ �0�0�0¬ �}�ªu�K�hÄ��}� È � ®0�$�K�u�0�0}u�d��}��0�s|�®K�s�0�0}��0�s}��f�°�9�0�0�0�s�f�0}�®0���s�0 

C(ai, af , k) =
λ2

2
|G0(k)|2ψ̃(aik)ψ̃(−afk)

´ xuqF¹
∫

dd+1k1

(2π)d+1
|G0(k1)|2|G0(k − k1)|2[k1(k− k1)]

2∆(k1)∆(k − k1)

¿Á®0�o�0|��Ø�u«��s�Ó�sÏ<| ¶ }�}u{
 J�u���±{h�uª�����}��s�0|�®K��{�}��0������®@¬°Èý�s}���®@|Ö�0�s{�| ¶ �0�s�0}�«F�u�s�s� ´ rØÚ�¹�È
«�¬�K��ËR|��0�s� ´ r�ÜsÈÑx�qF¹Î�~«u} � �s{��Ó�d�%�s��«�|���{u�0}� ý�$�0|��~�Ø®@ÂØ{h��{u�§�Çxuà	�Dt

© �u�~�� `}u{��s�0 
{�|~�s|~�0Â°�Þ®K�9�K�u�<�K�����Ø�0�s�5È � |��0��{u«u�9ÛÍÏ±|~�k�K�Í�z�0�����0�0}�«F���0�0}� 
 J�u���±{h�hÄª�|
a0
Ã

D(a,k) = δ(a− a0)D(k).
´ x�rÙ¹



rØ×

Æ½¬ª�|~�s|~ �«k�9�Ø�0|~��{�«�|ÁªF�����s�~�0} ¶ }�«u|~�0«�®K|�{h�Õ� ¸d|��9���0�9�u�0���s�9Û��Á®K�s�s�`�

ψ̃(k) = (2π)d/2(−ık)2 exp(−k2/2).
´ x�x�¹

Ê } � ��{h�u«�®K��� ´ x�rÙ¹ � ´ x�x�¹ « ´ rØÜF¹ È �0�s{�| ¶ �0�s�s�u�"�0}¼�K�u��{�}u{u|uÈV« ¶ ®-�u«u�0}� µ�0}u��� � ��|!�0} J�h®@}� ý�f�K�u�K�u `|�{��s�
x = |k|/|k1|

ÈI�u�K�Ù®@} ¶ �s�0�0} {�}� ý�uÈI�9�u����{�}%�0�0} � |Þ®-�u�0}$«Ò� rØÜ	�DÈ � ®K��K���� `|��0�0}���{��
d > 2

ÈK�0}�®K�9�0�s 

G(k) = G0(k) + λ2G2
0(k)

Sd
(2π)d

a3
0k

2

ν2

d− 2

8d

∫ ∞

0

D(q) exp
(
−(a0q)2

)
qd+1dq +O(λ4).

´ xu×F¹
¿Á®0�o�0|��Ø�u«��s�Ó�sÏ<|��¼}�{

q
�u `��®K�s{u� � ¬Ö�±�9 J�sÈ

D(q) = D0
È8«u¬�K��ËR|��0�0|Ð��}��0|��0�0}��o�0|

{��0|�ªu��|�{ � �Ù®@Â��0|��z�<|����s|~�0|��0}��0 `�0�s}�«��0�5t�Æo�s�0| � |Þ®@| ω,k→ 0
} � �0}��0|�{�®@|~«������0}��0�K��«��9��d��} �����z�0�s�0|~�s{��%�0}�«�|��F¡��0}u��{��s} ¶ }��K��{Ø�sË<|~�0�s�

ν
ÈK�Þ®@| � ��ÛVÏR���d�s� ´ x�×F¹�È0�0�u«��K�

νeff = ν

[
1− λ2

ν3k2

d− 2

16d

Sd
(2π)d

a1−d
0 D0Γ

(
1 +

d

2

)
+O(λ4)

]
.

´ x�w�¹
Ê }�®K�0}���{uÂ�Ûµ���K�h®@} ¶ �0�0�0¬ Q}uª��K���~}� ��0�0}u«�} � �s{u�Ó��«�¬�0�0�Þ®@|~�s�s��� � ®K� � �s� ¶ ��¡!�0}�Ä{�|~�s�0�K�h®@}u«Ö«u���u�0 `} � |~�s��{�«u�s�5t ³ �u�0�0�0 `|��5È � ®K�%�0«F� � �K��{u�0�0�0} ¶ }Ö«u���u�0 `} � |��0��{u«��s� λ2

2
Z2«�¬�K��ËR|��0�s� � ®0� ´ rØÜF¹½� ´ x�qF¹½ªu� � ��{Ö}�{�®@�0�K��{uÂ��Ó�d}u{��0�0�0«�| � |~�s�0¬½¡d«�¬��<|a®@�z�±Â�}�{�����{hÄ��{�«u�0|~ ����9�h®K�0�s�0¬½¡%�0�0}�����«�| � |~�0�s�l«k«�|~�z�±�0�K�h¡.t

× {u}
�������u|�{��Ó��«���®-� � �l«�¬�"�±��¡#�0}u��� � ��}�«l{�|�}��0�0�#«�}��� ý��Ï<|��0�0�5Èý{u}��s�0���0�~�s}�®@Â�Ä��}�«F���0�0� «�|~�s«�®@|�{u}�«
ψ̃(k)

È�®@}��9�h®@����}�«F���0�0¬½¡ «
k
Ä �0�0}���{��K���0��{u«�|uÈ$���±�9 J�

D(a, k)�&} ¶ �K���0�0�0|��0}��ç�0}
a
�s}�®@}���}��5È������z|��s{��0«u�K��� ��}��0��{h�u�s{h� ��«u�s�~�5È<�0}Q��}u{u}��0}��ç�0|�Ä

�h®@Â��0}Z�0�s}��s��«u} � �s{��Ó� �K����®@}ØËR|~�0�s|Ø�Çxu×��DÈ� `}ØËR|�{öª�¬ {uÂò� � |�®-�u�0�ò J�h®@}u� ��� �~�0|�{
 J�h®@}����u `��®@�s{�� � ¬ �±�9 J�st�ãý�u�5È � ®0��ªF�h���0���0¬½¡T«u|~�0«�®K|�{�}u« �~|� `|~�0��{�«F�

ψ̃(k) =
(2π)d/2(−ık)n exp(−k2/2), n > 0

�o��}��s�0|�®K��{�}��0�
D(a, k) = D0δ(a − a0)

Èx�~�z�z|~��Ä
{��0«��s}��d��}��s��{h�u�s{u}��l��«u�s�~�%�s«�®K�0|�{��Ó�

λ
2

=
λ2

ν3

D0

a0
.

Æ��K�u�K� ¶ �K�u�z|B� ³ |��0�0|��0¬«��0}�|±«�|~�0«h®@|�{hÄÅ�0�0|�}�ª��K�h��}�«F���0�0|<«Ð��{�}�¡�����{��s�0|~���9}u� ¶ � � �0}�Ä
� �0�K�u `�s�9|3�
�s{u|~�K���0�0}��0�s¬�� `|�{u} � �s|"�<|��0�s����{u}�¡��u��{��0�0|��~��} ¶ } � �0�z�z|~�0|��0�0�K�h®KÂ��0} ¶ }���0�u«��0|��0�s�%�s��{�|� P�0|��0�0|~�s¬«��0} ¶ }Ö«�|��0«�®@|�{�ÄÅ�s�0|~}�ªu�K����}u«F�u�0�s� � �s�K�u `�0�0|��~�0�9¡%�0|~�0|� `|~��Ä�0¬½¡z�z«���®@ÛÍ�0|~�s�s�<� �0� �s{u�0«��0}����K�u�9�Ø�0�0���`�0|��9}u�0�0|�®K�0�0}�«F���0�0¬ `�< J�u���±{h�uªu�0¬ `�±��}� +Ä�0}��0|��s{h�u `���0�0�0 `|��0|~�#��}��0�s���u�0�sÛ �K����«u�s{�}�� ¶ � � �0} � �0�0�u `�0�0|��~��}��¼{��9�0ªu�Ø®@|~��{��0}���{��«��z}��0 J�h®@���� `|!��{�}�¡�����{��s�0|~���9}u� ¶ � � �0} � �0�K�u `�s�0�5t°Ì½}h®@Â
�<�s�0��{u«�}&�K�uª�}�{��0}��s�0�0 `|�Ä�0|~�0�sÛ «u|~�0«�®K|�{�Ä �0�0|�}�ª��K���~}�«F�u�s�s��� ¶ � � �0} � �0�0�u `�0�0|��~��}��¼{��9�0ªu�Ø®@|~��{��0}���{����0}���«u�sÏ±|�Ä�0}<®@�0ª�}k�u�0�h®@�s�����~���~�s|~�0�0 `|��s{h�h®@Âu�0}Ð�s�~ `|~�0|��0�0¬½¡%{u�9�0ªu�Ø®@|��s{��s¬½¡f�s}�®@|~�%�°�0}� `}�Ï<Â�Û



r�w

� «�|��0«�®@|�{��0} ¶ }R `�0�0�0}u�~��}��K���ÓÈ��s}u��«�}h®K�0ÛVÏ<| ¶ }R} � �0}�«��s|~ `|~�s�0}R�0�~�Þ®@| � }�«F��{uÂR�0}�®@|a����}��0}�Ä��{��
�0�Ö�K����®@�0�0�0¬½¡
 J�u�"�Á{h�uªF�h¡����hw
� ÈK®@�0ªu}Ð�0�0�Þ®@|~�0�s}� ý�l�0|��<|��0�0Û��9�K�u«��s|~�0�0� ³ �u«�Âu|�Ä
ß {�}��������z�0�~�0}h®@Âu��}u«F�u�0�0|�  � �0���0�0|�{��0} ¶ }Ð«�|��0«�®@|�{�ÄÅ�s�0|~}�ªu�K����}u«F�u�0�s�§�â×Fx9ÈKw0r"� t@Æ��K�u��{�}�Ä
�sÏ<|�� � �s�~�~|��s{h�u�0�s}��0�0}��Ö�K�uª�}u{u|uÈF}����0}�«�¬«����0��ÂÁ�K�z�K�uªu}u{�|B� wFÚ	�DÈ��0|~�s�0|~�0¬«u�0}�|\«u|~�0«�®K|�{�Ä
�0�0|~}uª��K���~}�«F�u�0�s|\«��0|��0«�¬|a�s�0�0 `|~�s|~�0}R«<�z}��s J�h®@�s�~ `|\��{u}�¡��u��{��0�0|��~��}�� ¶ � � �s} � �0�K�u `��Ä�0�5t`¯°� ¡F} � �#���$�������0�0|��~�0�9¡��~}�}�ªu�K��ËR|��0�0���0} � ª��s�K�����K���K�u `|�{u�0¬÷�Þ®K�9�K�u�0�s}��¼����®@¬°È
}��0�0| � |�®@|��0�0}���«l�0�s}���{u�K�u�0��{�«�|%«�|~�s«�®@|�{hÄÅ��} �����z�0�s�0|~�s{u}�«0ÈJ `¬ �s��ª��u«�®K�s|~ `�Ó�#}u{
�s|�{�Ä
®@|~«�¬½¡��0�u� ¡F} � �0 `}u��{�|��o« {�|�}��0�0��«�}u�� ý��Ï±|~�0�0�Ot+ÆQ�9�Ø�0|~��{�«�|��0�0�0 `|��0}�«% `¬ �0�0�s«�| � |� } � �0}��0|�{�®@|~«�}u��«u��®-� � «
�°�9�0�0�0�sÛ�EI�0�0�K�l���K���0�0¬����}��0�0|Þ®K�s{u}����0}�®K�!�~��}��0}���{��5tJÆ
�0�0| � |�®@Â��s}� !�Þ®K�9�K�u|}�ª�¬�s�0}�� � |�®KÂÙ{h�ÙÄÅ��}��0�0|Þ®@�0�0}u«F�u�0�0}u�Ö��®0���0�u�0�0}����~�9®@¬P«�}u�~��{h���K�u«�Ä®@�0«F�uÛV{��Ó�f�s��«�|���{u�0¬|<�0|��~�Ø®@ÂØ{h��{�¬"��{�}�¡��u��{��0�s|~�~��}�� ¶ � � �0} � �0�K�� `�0�0�5t.Æ��s}���{u�0}�|~�s�0}� ��}u�0 J�h®@�s�~ `|±|���{�|���{u«�|~�0�s¬ �}�ª��0����}� P�0�s{�|��0�0�0|�{��0����ÛV{��Ó� ¶ �0�0}�{�|��~¬��°}�®K `} ¶ }��s}�«F���
}�����Ï<|���{u«�®K�0|�{��Ó� ���u `¬�9�u�0�0|Í�~�0��{�|~ `¬��9�K��«��0|~�s�0� � ®K�� `}� `|��s{�}u«±�0}�®0������}��0}���{��5tsÌ½}�Ä®@|~| {�} ¶ }0È����u `}��0�0}u��{��0�u�0��{u«�}<�°�9�0�0�0�s�

φa(x, ·)
È��Ø�u«��s�Ó�sÏ<�9¡������Ö}u{Á��}�}�� � �0�K�h{�¬°È�{h�u�� }u{R J�u���±{h�uªF��ÈK�0�0| � ��{h�u«�®0�0|�{���}�ª�}��  J��{u|~ J��{u�0�0|��~�0�0�f�u�0�K���K��{ÙÈK� � |~�0«F�h{��0¬�$�0|~�h®@Â�Ä�0}k�s�� `|����s|~ `¬ &«�|Þ®@�0�0�s�K�u t

Æ �K�u `�9�h¡ �0} � ¡�} � � ��{u}Ø¡F�u��{u�0�0|��~��}�� ¶ � � �s} � �0�K�u `�0�s� �0�~�Þ®@| � }u«F�u�0�0|��K���~«��s{�}u�¶ � � �s} � �0�K�u `�0�s|~�~��}���{u�9�0ªu�Ø®@|��s{��s}���{u��}��~�0}u«�¬«F�u|�{��Ó���K� �~�0��{�|� `|��9�K�u«u�0|~�0�s� ³ �u«�Âu|�Äß {�}��������~}���®K�9�K���0�0}��%�~��®K}��

∂u

∂t
+ (u · ∇)u = ν∆u−∇

(
p

ρ

)
+ η(x, t).

´ x ��¹

Æ½¬�0�0�Þ®@|~�0�s|���}��s�0|�®K�s�0�0}��s�0¬½¡ �°�9�0�0�0�s�%}u����Ï<|���{�«h®K�0|�{��Ó�d�\�0}� `}�Ï<Â�Û��s�0|~}�ªu�K����}u«F�hÄ
�0�s��Q±���sÂ�|z}u{��0� ¡F} � �0¬½¡d�9�K�u«��s|~�0�0� ´ x
��¹�Ã

(
−ıω + νk2

)
ũi(k, ω) −

∫
dd+1q

(2π)d+1
Mijk(k)ũj(q)ũk(k − q) = η̃i(k),

´ xuàF¹

〈η̃i(k1)η̃j(k2)〉 = (2π)d+1δd+1(k1 + k2)Pij(k1)D(k1).
´ x�Õ�¹

Ê �s�6��{u}� µ���Þ®@}�«��s|o�0|~�ÓË��0 J�u|� `}���{u�Q�0�0�0«u} � �s{&���s}Ù�s«�®@|��0�0Û��s}��0|~�s|~�0�0} ¶ }&�0�0}u|~��Ä
{�}��K�

Pij(k) = δij − kikj
k2

«���}��0�s|�®K��{�}��0|f�~��®@¬ ´ x�Õ�¹<�P«�«�|~���<�0�0|d«u�Ø���0 `} � |~�0��{�«����
Mijk(k) = − ı

2
[kjPik(k) + kkPij(k)] .

Ê �s|~}�ª��0����}�«��u�0�0|AQ±�9�0Â�|�ÈI} � �K�u��}0ÈO�s«�®K�s|�{��Ó������ÄÏ<|~��{�«�|��0�0}¼�0|�®@}u���Ù®@Â��0¬  ���s|��s}u��«�}h®K�0|�{#�0�~�Þ®@| � }u«F��{�Â#®@}��9�h®@Âu�0¬|��~«�}��s��{�«��st¯°��Ä�0}�®@Âu�~}�«F�u�s�0|k«�|~�0«h®@|�{hÄÅ�K����®@}ØËR|~�s�s���0}u��«u}�®K�0|�{d���u�0�0�~��{�Â$�9�K�u«��s|~�0�s� � ®K����}� `�s}��0|~��{�0}�®K�P�~��}��0}���{���« � ���0�0}���{u}��0��| b �&�K� � �u�s�0}� é J�u���±{h�uª�| a t�DÎ{�}�«�|��~Â� J��«F��Ë��0}0È{h�u���9�u���0 `|��0�0}P�f®K}��9�h®@Â��0¬ `���~«�}u�0��{u«F�u `���~«u���Ø�u�0�s}¼}�ªu�K����}u«F�u�0�0|
��} ¶ |~�0|��s{��s¬½¡
��{�������{u�9�5t��°�0}� `|�{�} ¶ }0È ���9���0|~�s�0 `|~�s{h�Ù®@Â��0}��s�� `|��F�0|~ J�h��� ���9}u�0}���{uÂ
�0}u{u}��9�l«d{�}u�0��|



r��

x
� �0|~�h®@Â��s}a�~«�} � ��{��Ó���k�u�0�K���K��{��s}� ý�Á�u�~�0| � �0|��0�0Û��0}a}�ªu»G|� ý� ad Èh�0�0�A��{u}�  � ®K�R���0�K�hÄ«�| � ®K�0«�}���{�� ¶ � � �0} � �s�K�u `�0�0|��~��} ¶ }°�0�0�0ª�®K�sËR|~�s�s�±�s|~}�ª�¡F} � �s `} a� λ

È ¶ � | λ ya�~�0| � �s���� ®@�0�K�Í�~«�}�ªu} � �0} ¶ }Í�0�0}�ªu| ¶ �stu¯z���0}�®@Â���}�«F���0�0|½�s|~�0�0|��0¬«��0} ¶ }°«�|��0«�®@|�{�ÄÅ�s�0|~}�ªu�K����}u«F�u�0�s��0}u��«u}�®K�0|�{%�0}�®K�9�0�s{uÂd�s|~��}u{�}u�0¬|�}uªuÏ<�0|<���u��}��0}� `|��0�0}���{�� � ®K���s�Ø®@Â��~�u�0�0���0}h®K���~��}�Ä�0}���{u����� � �u�0�s} ¶ }% J�u�"�Á{h�uªF�%«$��� � �u�s�0}���{�}��0��|��0|��u�0�0|Þ®@�0�s���!����}��0�0�0|�{��0}u ý��«u� � ��u�0�K�u�0��{��0}u�d�°�9�0�0�0�s�5t
Æ&�0|��~�Ø®@ÂØ{h��{u|±�0�0�s `|~�0|��0�s�%�0|~�s�0|~�0¬«u�0} ¶ }�«�|~�s«�®@|�{hÄÅ�0�s|~}�ª��0����}�«��u�0�s�$� �9�K�u«��s|~�0��Ä

�0  ´ x ��¹O�0�s��¡F} � �0 
�Á�~�0��{�|� `|½�0�s{u| ¶ �K�h®@Â��s¬½¡±�9�K�u«u�0|~�0�s� � ®K�Á J�u���±{h�uª��s¬½¡±��}� `�s}��0|~��{
ũai(k)

Ã

(−ıω + νk2)ũai(k) = η̃ai(k)
´ xuÜF¹

+

(
2

Cψ

)2 ∫
Maa1a2

ijk (k,q,k−q)ũa1j(q)ũa2k(k−q)
da1

a1

da2

a2

dd+1q

(2π)d+1
,

¶ � | Maa1a2
ijk (k,q,k−q) = ψ̃(ak)Mijk(k)ψ̃(a1q)ψ̃(a2(k−q))

È��a«u|~�0«�®K|�{�Ä �0�0|�}�ª��K���~}�«F�u�s�0|
�Ø�u�0�s���u�0}Á«

L1 Ä �0}��0 `|�ÈF�s{�}Á}�ª�|~���0|~�s�0«F�u|�{<} � �0�K���9}u«u�9Û��z�s���s�0|~���s�9Û��K���~ `|~�0�s}���{uÂ<�0}�Ä®K�$�~��}��0}u��{��
u(x)

�%| ¶ }� J�u���±{h�uª��s¬½¡f��}� `�s}��0|~��{
ua(x)

Ã

u(x, t) =
2

Cψ

∫ ∞

0

da

a

∫
dd+1k

(2π)d+1
exp(ı(kx− ωt))ψ̃(ak)ua(k).

¯°� ´ xuÜF¹R��{h��� � �u�s{u�0¬ ÷}uª��K���~}� é�0}�®K�9�K��ÛÍ{��Ó�&�9�K��«��0|~�s�s� � ®K�� `}� `|~�s{u}�«0tÎãý�u�5ÈJ�0�s�}u{����9{u��{u«��0�Ö�Þ®K�9�K�u�0�s}��k�~��®@¬#«\�9�K��«��0|~�s�0� ³ ��«�Â�|�Ä ß {�}����~�sÈu«u{u}��0¬| `}� `|��s{�¬��~«��s�Ø���0¬
�z{u�0|�{uÂ��0 `�d�~}�}u{u�0}
�±|~�0�0|� 

(∂t + 2νk2)
∑

i

〈ũai(k, t)uai(k, t)〉 =

(
2

Cψ

)2 ∫
da1

a1

da2

a2

ddq

(2π)d
Maa1a2

ijk (k,q,k−q)

× 〈ũai(k, t)ũa1j(q, t)ũa2k(k−q, t)〉+ �utâ�ut
,
´ xuÚF¹

º°��}�ª�¬�%�0�s{u|~�0|��±«�¬ �~¬«F�u|�{���®0���0�u�0�K���%����®-�sÈ
δ
ÄÅ��}��0�s|�®@�0�s}�«F�u�0�0���%�0}k J�u�"�Á{h�uªF�u Ã

〈η̃a1i(k1)η̃a2j(k2)〉 = (2π)d+1δd+1(k1 + k2)
Cψ
2
a1δ(a1 − a2)Pij(k1)D(a1,k1).

´ ×�qF¹
ã+|~�s|~�0Âk��{u}�¡��u��{��0�0|��~�9��� � �K� ¶ �K�u ` `�K��� {u|�¡��0�0�9��«��Þ®K�9�K�u|° J�u���±{h�uªu�0}�Ä ���u«��0���0 `}��%�K�hÄ���Ø�0�s� ´ ×�q�¹ ��{��0}u�s{��Ó��{h���0�0 µËR|�}�ª��K�h��}�  ��������}uª�¬�0�K����{�|Þ¡��0�0�9� á �u��®@Â � ��� w1���Dt
ºa{�®K�0�0�0|R��}���{u}��s{$«Ð{�}u È.�s{u} « �0|����Ø®@ÂØ{h��{�|k�0�s{u| ¶ �0�0�0}�«��u�0�s���0}Ö J�u�"�Á{h�uª��0¬ ��u� ¶ �FÄ
 `|~�s{h�u  da

a

È�«Á�0�s�0����{���{�«��s� � |�®@ÂØ{h�hÄ �z�9�0�s�0�0�Ð}u{Á�K���~�0}���{��Ð J�u���±{h�uªu}�«0È��~�0|��s{��0�h®@Â��K�h�



rØà

��®@}u{u�0}���{uÂz}�ª�¬�0�0}u�<{�|~}u�0�0�R«�}u�~ ý��Ï<|~�s�0�
Dij(k)

���u `|~���0|�{u�Ó���K�@�~�z�z|~��{��0«�����Û&���0|~�9Ä
{��K�h®KÂ��s�9Û �9®@}u{��s}���{uÂ

∆jl(q) =
2Pjl(q)

Cψ

∫
da

a
|ψ̃(aq)|2D(a,q).

´ ×srÙ¹

³ ���0}� `�0�0 Ès�s{�}�} � �0}��0|�{�®@|~«�}u�f«���®@� � «k�°�9�0�0�0�sÛ�EI�0�0�0�k�s `|~|�{Ö«�� � Ã

ũai(k) = G0(k)η̃ai(k) + ψ̃(ak)G2
0(k)4λ

2

(
2

Cψ

)∫
dd+1q

(2π)d+1

da′

a′
Mijk(k)|G0(q)|2∆jl(q)

× G0(k−q)Mklm(k− q)ψ̃(a′k)η̃a′m(k) +O(λ4),
´ ×Fx�¹

¶ � | λ = 1
yl��}u�0 J�h®@Â��s¬�!�K�u�0�u `|�{u�o�K����®@}ØËR|~�0���5ÈG��{u}Ù��Ï<�0���s�0�!«�|��z�<�s�0|Ð«u���u�0 `}�Ä

� |~�0��{�«���� M : G0(k) = (−ıω + νk2)−1 yÖ�°���s�0�0�s�9EI�0�0�K�k�s�Ø®@|�«�} ¶ }��0}��F� � �9�st¿�®K�$} � �s}��0|�{�®K|~«�} ¶ }�«u��®-� � �R«R�K���0�s�9Û"�9}u�0�0|�®0�0�0�0}u�0�s�9Û �°�9�0�0�s�0Û" J�u�"�Á{h�uª��0¬½¡�9}u `�0}��0|��s{Ö�s}�®K�%�~��}��0}u��{��
C2(a1, k1; a2, k2) = 〈ũa1(k1)ũa2(k2)〉

�s `|~|~ 

C2(a1, k1, a2, k2) = δd+1(k1 + k2)ψ̃(a1k1)ψ̃(−a2k1)Ceff(k1),
´ ×u×F¹

Ceff(k) = 2λ2|G0(k)|2
∫

dd+1q

(2π)d+1
∆(q)∆(k− q)c2(k,q)|G0(q)|2|G0(k − q)|2,

¶ � | c2(k,q)
ya��®@| � } � �0}��s|�{�®@|�«�}��±{u|~�s�~}��0�0}��±��{�������{u�9�0¬°th¿�®K����}��0�0�s|�{��s} ¶ }\{u�0�K�V«�|~��Ä«�®@|�{h�R�Å `|~���~�0�9�u�s�~�9���A�Á®K�s�K��� «a{��0|Þ¡s `|��0�0}� ��0�0}���{��K���0��{u«�|uÈ

n = 2, d = 3
Èu�k�K�����Ø�0�s�5È

� |~�0��{�«u�9ÛVÏ<|~�#�K�%�z�0���~�0�0}u«F�u�0�0}u � J�u�"�Á{h�uª�| a0
ÈG« � ®@�0�0�s}�«�}�®@�s}�«�}� ��s�0�0ª�®@��ËR|~�0�s�

(
x = k

q
→0

) È0�0 `|~|� Ã

Cd=3,n=2
eff (k → 0) =

7

40

k2|G0(k)|2π
3
2a3

0D
2
0

ν3
√

2
λ2.

´ ×uw�¹

ã+�u�0�0 �}uª��K���~}� Ès�0���0}�®@Â���}�«F���0�0|a J�u���±{h�uªu�0¬½¡$��}� `�0}��s|~�s{��0}�®0�Ð�~��}��s}���{u�d«� `|���{u}
�z�9�0�s�0�0�

u(x) ∈ L2(R3)
�0}u��«u}�®K�0|�{%�<���u `} ¶ }$�K�Ø�K�h®-�Ð��{��0}u�s{�Â${�|�}��0�0Û «�}u�~ ý��Ï<|~�s�0�

�~«�}�ªu} � �s�9Û&}u{z�K�u� ¡�} � �0 `}���{u|~�5È��a�0| �u��{��0�u�s�s{uÂ±��¡<�0}u{u}� ��½�0}� `}uÏ±Â�Û&�0�0}��s| � �9���0| ¶ ��Ä®K�0�0���Ø�u�0�s�5t��z�s}� `|ý{�} ¶ }0ÈÙ�0 `|~�s�0}Í«{u|~�0 `�0�0�h¡Á J�u�"�Á{h�uª��0¬½¡Á��}� `�0}��s|~�s{
ua(x)

�K�h¡�} � �s{�K�u�0ª�}h®@|~|½� � |~�s«F��{��s}�| «�¬�K�hËR|~�0�s| ¶ �s�0}u{�|��Ø���°}�®@ `} ¶ }��0}�«��Í}\�~�u `}��0} � }uª��0�<�s�Ø®@Âu���u�0�s�{u�9�0ªu�Ø®@|��s{��0} ¶ }��0}�®K������}��0}���{��5t2¿±|��0��{u«��s{�|Þ®@Â��0}sÈý{�|~}u�0�s���°}�®@ `} ¶ }��0}�«��sÈ8}u�0�0�~¬«��uÛVÄ
ÏR����®@}��9�h®@Â��s}�ÄÅ�s�~}u{��s}��0�s�9Û ¶ � � �0} � �0�0�u `�0�0|��~�s�9Û {u�9�0ªu�Ø®@|��s{��s}���{uÂX�Í��Õ��DÈ8���z}��0 ý�Ø®@��Ä
�0}�«F�u�0�k«R{u|~�0 `�0�0�h¡d}u{��0}u�~�s{u|�®@Â��s¬½¡f����}��0}���{�|~�

δu(r, λl)
law
= λhδu(r, l), λ ∈ R+.

´ ×`��¹



rÙÕ

¶ � | δu(r, l) = u(r + l) − u(r).
Ò �u��}�� �~�u `}��0} � }�ªu�s� ´ × ��¹¼�0�0| � ��{h��«�®K�0|�{÷��}�ª�}��

�K�u��{u�0¬�÷�Þ®K�9�K�u�çª�}�®@|�|&}�ªuÏ±| ¶ }"��{�«�|��FË � |��0�s�OÈ����z}��0 ý�Ø®@�0�0}u«F�u�0�0} ¶ }"}u{��s}��~�s{u|�®@ÂhÄ�0}
 J�u�"�Á{h�uª��0¬½¡���}� `�s}��0|~��{!�0}h®K���~��}��s}���{u�5È`}��0�0| � |�®K|~�0�0¬½¡¼�0}u�~�0| � ��{u«�}�  «u|~�0«�®K|�{�Ä�0�0|~}uª��K���~}�«F�u�0���5t$Æ }�ªuÏ<|�  ËR|"�Þ®K�9�K�u|� `}ÙË<|�{ ª�¬ {�Â �~�z}��0 ý�Ø®@�0�s}�«F�u�0}ç��®K| � �9ÛVÄÏ<|~|%��{�«�|���Ë � |��0�0| ´ «u{�}��0��� ¶ �0�0}�{�|����o�0} � }�ª����X�°}�®K `} ¶ }��s}�«F��«�{u|~�0 `�0�0�h¡�«u|~�0«�®K|�{�Ä
�0�0|~}uª��K���~}�«F�u�0���@¹�Ã

Ê �0�¼{�|�¡PËR|f�s�0| � �s}�®@}ØËR|~�s�s��¡.È½��{�}�� � ®0���0|��0«�}�� ¶ �0�0}u{u|���¬ ´ ��rÙ¹�ÈJ{u�9�0ª��Ù®K|~�s{hÄ
�0}�|Ð�0}h®@|Ö���9}u�0}���{u�¼�~�u `}��0} � }uª��0}l�K�d J�h®@¬½¡ ´ �0}
«���|ÖËR| l � ν

3
4 ε−

1
4

¹z J�u�"�Á{h�uªF�h¡.Èý«
{�}� ��� `¬��®@|�È8��{�}f���Ù®KÂ����u�s�0�!�0}h®K�!����}��0}���{��5È2}��0�0| � |�®K|~�0�0¬|Ö�0}��~�s| � ��{�«�}� Q«u|~�0«�®K|�{�Ä�0�0|~}uª��K���~}�«F�u�0���

ul(b) =
∫

1
l
ψ̄
(
x−b
l

)
u(x)dx,

¶ � | ψ(x)
yÐ�0�0}�����«�}�®KÂ��K���f�u�K�h®K�s���0����Û Ä

ÏR�����°���s�0�0�s��� � }�«�®@|�{�«�}u���sÛÍÏ<���!�u��®@}�«u�0Û � }u�s����{��0 `}���{�� ´ �u¹°�����Þ®@}�«��0Û �0| ¶ �Ø®K�0��Ä
�0}���{u� ∫∞

−∞
dx(1 + |x|)|ψ(x)| <∞ ÈK�0 `|�ÛÍ{���®@| � �9ÛÍÏ±|~|±��{�|��0|~�0�s}�|±�0}u«�| � |��0�0|�Ã

|ul(b)|2 law
= l2h, h =

1

3
,

´ ×�àF¹

� ®K�%«��~|Þ¡ b «k}�ª�®@�u��{u�5ÈK�Ø�u�s��{�}��${u�9�0ª��Ù®K|~�s{u�0}���{uÂ�Û±tÊ �0�&{h�u��}����z}��0 ý�Ø®@�0�s}�«���|��������0�0|��~��}�|��~} � |���ËR�u�0�0| ¶ �s�0}u{�|����z}h®@ `} ¶ }u�0}�«F�o�0|
 `|~�s�s|�{��Ó�OÈX�
®@���<Â��0|~�0|��0}����s{��Ó�P�K�
 J�u�"�Á{h�uª��0¬�&��� ¶ �9 `|~��{!���9}u�0}���{u�5ÈJ��}u{�}��0���#{�|�Ä
�0|~�0Â���{h�u�s}�«��s{u�Ó�
�°���s�0�0�0|�� � «u�F¡d�0|~�s|~ `|~�s�0¬½¡.Ã5��}�}�� � �0�K�h{�¬ ´

b
¹�f J�u���±{h�uª�� ´

l
¹�È@�K�

�9}�{�}��0}u é�0�0}��s�~«�} � �s{u�Ó�&�s�� `|��0|~�s�0|
�~��}��0}u��{��Otºa�0�0| � |�®@|��0�0}�|d{h�u�0�0  }�ª��0����}�  �0}�®@|
�~��}��0}���{�|��f�0«�®0�0|�{u�Ó�l�°�9�0�0�0�s}��K�h®@}u �}u{�ªF�����s�~�0} ¶ }�«u|~�0«�®K|�{h�sÈ@�Ø�u��}��%ËR|z�K�u���0�0| � |�®@|ÞÄ�0�s�%«�|�®K�0�0�0�

ul(b)
}u{�ªF���~�0�~�s} ¶ }�«�|~�s«�®@|�{h�k�Ø�u«u�0�~|�{�ÂÖ�s| � }h®KËR|~�OÈK�d�K����{�}��0 `|��0�0}Ö}u��0�0}�«�|��F�0|�{u�Ó�l�0�s�d�0�s��®@|��0�0}��d}�ª��K�uªu}u{���|��~���~�s|~�0�0 `|��s{h�h®@Âu�0¬½¡ � ���0�0¬½¡Ò�Í��w
�Dt

Ù ±+�s�-��Ú ´ � ß {u}Ø¡F�u��{u�0�0|��~��}�|f�s«F�u�s{u}�«F�u�0�s|��û¹��0}��~«��sÏ<|��K�
�0�0�0 `|��0|~�s�0Û  `�0} ¶ }u J�u��Ä
�±{h�uª��s¬½¡µ�0�s}��0|~���~}�« �ç��� � �Ø�K�u ���{�}�¡F�u��{u�0�0|~����} ¶ }ç�0«F�u��{�}�«F���0�s�5t ß {u}�¡��u��{��0�0|��~��}�|
�0«F�u�s{u}�«F�u�s�0| ´ ß ��¹O�0�0| � ��{h�u«h®K�0|�{a�~}uª�}��z�~�0}u�~}�ª �0«F���s{�}�«��u�0�s���0}�®K|~«�¬½¡z `} � |Þ®@|~�OÈØ� � |���9}�{�}��0} ¶ }$�~}���{�}���{d«Ð{u}� È5�s{u}�ª�¬��0�0| � ��{h�u«u�s{�Âd�K�u�~�� J��{��s�0«F�u|� ý��Ûé{u|~}��0�sÛç�s}�®K�
«

d
Ä

 `|~�0�0}u ¼�0�s}���{u�K�u�0��{�«�|z«R�9�Ø�0|~��{�«�|��K�u«��s}�«�|~���0} ¶ }R�0�0| � |�®-�k�0|~��}u{u}��0}�� (d+ 1)
Ä  `|~�0�s}��

��{h��{u�0��{u�0�0|~����}��! `} � |Þ®@�5tO¸d|�{u} � ��{�}�¡�����{��s�0|~���9} ¶ }%�0«F�u�s{u}�«F�u�s�s�lª�¬½®l«��0|��0«�¬|±�s�0| � Ä®@}ØËR|~�%«k�K�uª�}u{u| Ê ���0�s���%�dÆÎ���â×�Ú��Dt
ã8|�¡��0�0�s|~�~�s�5È@ `|�{�} � ß � ��«�} � �s{��Ó�%�$«�«�| � |~�s�0Û � }��0}h®@�0�s{u|�®@Â��s} ¶ }0ÈK�s}�}�{��0}
�±|~�0�sÛ�!�0 `|�ÛÍÏ<�s `�Ó�o«%�0� ¡F} � �0}u�o{�|~}u�0�0� d �s�� `|��0|~�0���0 È2���s�s{��0«u�0} ¶ }f«��0|~ `|��0� τ �����u `|�Ä�0¬é�0«F�u��{�}�«�¬½¡��0}h®@|~�o�s� ¡F} � �0}���{u|~}��0�s����{�}�¡F�u��{u�0�0|~���0�0 `���0}�®K�s `�o«f�0�u�"�±�0�0|~�s�0}� 

(d + 1)
ÄÅ `|��0�0}� ��s�0}���{u�K�u�0��{�«�|�È

φ(x) → φ(x, τ)
t!D½«�}�®@ÛÍ�0�s�¼��{�}�¡F�u��{u�0�0|~���0��¡��s}�®@|~�

}u{��0}u�~�s{u|�®@Â��s}Ö�z�0�s{u�0«��0} ¶ }Ö«��s|~ `|~�s�
τ
}��0�s| � |Þ®K�0|�{��Ó�l�9�K�u«u�0|~�0�s|~  � �u��ËR|~«�|��K�

∂φ(x, τ)

∂τ
+

δSE
δφ(x, τ)

= η(x, τ),
´ ×FÕ�¹



rØÜ

ß �K�Ø�K�h®@Â��s¬ �����®K}�«��0|� 
φ(x, τ = 0) = φ(x)

t Ò � |~��Â SE[φ]
y�|~«���®K� � }�«�} � |~�0��{�«��s|�0� ¡F} � �0}u��{u|~}��0�s�5È°� η(x, τ) y ¶ �������~}�«�ª�|Þ®@¬���±�9  ���s�Ø®@|~«�¬  ���0| � �s�0 È � |�®KÂÙ{h�ÙÄ�9}u�0�0|�®K�0�0}�«F���0�0¬�f�9�u�$�0}k}�ªu¬�0�0¬ ��9}u}�� � �0�K��{h�� È@{h���d�$�0}k�z�0�s{u�0«��0}� ý�Ð«��0|~ `|��0�5tºa�0� ¶ �0�K�Ù®@Â��0¬�$«���®@� � �u«u{u}��K�Á���u��®@ÛÍ�K�u|�{��Ó�$«<�0�s�0 `|~�0|��0�0� � ®K�Ð��{�}�¡F�u��{u�0�0|~����} ¶ }�0«F�u�s{u}�«F�u�s�s�R `�0} ¶ }� J�u���±{h�uª��s}��k��®K�9�K�u�s�0}��k�~��®K¬°È�}��0�0| � |�®K|~�0�0}u���½�0}� `}uÏ±Â�Û��0|��0�0|�Ä�0¬«��0} ¶ }Í«u|~�0«�®K|�{�Ä �0�0|�}�ª��K���~}�«F�u�s�s�5t Ê �0�0 `|��s�s��«�|��0«�®@|�{�ÄÅ�s�0|~}�ªu�K����}u«F�u�0�0|X��� � �s�K�u `��Ä�0|~���0�0 ��0}�®K�s 

φ
Èu�R�k��®0���0�u�0�0}��k����®@|

η
 `¬��s}�®K�9�K�u|� �{u|~}��0�sÛ±ÈF«a��}u{u}��0}�� � �0�0�u `�0�0|ÞÄ�~�0�0|°�s}�®K�Ö®@}u���Ù®@�s��}u«F�u�0¬��9�u�$�0}R��}�}�� � �0�K�h{�|uÈ0{h���%� �s}R J�u�"�Á{h�uªu� «u���u�0 `} � |��0��{u«��s�5tÊ �s����{u}� ���®0���0�u�0�K���Ö�~��®@�sÈ�®@}��9�h®@�s�~}�«F�u�s�K����«�ª�®@�s�~�Ð�z�0���~�0�s}�«F�u�0�s} ¶ }Á J�u�"�Á{h�uªF�

a0
È

�0}k�0}���{u�0}�|��0�0Û }uª�|~���0|~�0�s«F�u|�{���}��0|��0�0}���{�Â�{u|~}��s�0�f«�}��� ý��Ï<|��0�0�5t
ß ®K| � �����0�uª�}u{h�u ¿� wFÚsÈýrØq9ÈF��xÊ� È5«u¬�0}�®@�0�s ��0|��0�0|��0¬«��0}�|�«�|��0«�®@|�{�ÄÅ�s�0|~}�ªu�K����}u«F�u�0�0|

��{�}�¡F�u��{u�0�0|~���0��¡o�0}�®@|��!����®K�9�K�u�s�0}��!����®@¬��s}d�0�s}���{u�K�u�0��{�«�|��0�0}� ý�!�u� ¶ �� `|��s{u� ´ �s} ��0�0}���{��K�u�s��{�«u|~�0�0¬ `�
���� `|~�s|~�0�s�s `�
x ∈ Rd  `¬��0}u�0�0 J�u|� P|~«u��®@� � }u«�} d Ä  `|~�0�s}�|°�0�0}�Ä��{��0�u�0��{u«�}Ö�s� ¡F} � �0}��d{�|~}u�0�0�5È-�R�0} � «u�0|~ `|��0�0¬ �yÖ�z�0�s{u�0«��0}�|�«��0|� ý� τ ¹�Ã

φ(x) =
2

Cψ

∫ ∞

0

da

ad+1

∫
dd+1k

(2π)d+1
exp(ı(kx− ωτ))a d2 ψ̃(ak)φ(a, k).

´ ×�Ü�¹

¸d¬ �0�~�0}h®@Âu�~�u|~ 
(d+1)

Ä  `|~�0�0¬|
}uª�}u���0�Ù�s|~�0�s�
x = (x, τ), k = (k, ω)

t ß ®K�9�K���0�s�9Û
�~��®K��}��s�0| � |Þ®@�0 "�~} ¶ ®-�u�~�s} ´ rÙÕ�¹ t Ê }u��®@|��0} � ��{h���0}�«��0� ´ ×�ÜF¹°«d�9�K�u«u�0|~�0�s| � �u�sËR|�«�|~�K�
�0�0��¡�} � �0 ��%��{�}�¡F�u��{u�0�0|~����}� ý�l�0��{�| ¶ �K�h®@Âu�0}� ý�$�9�K�u«��0|��0�0Û � ®K�%�0}h®@|~� φ(a, k, ·)

(−ıω + k2 +m2)φ(a, k) = η(a, k)− λ
2
a
d
2 ψ̃(ak)

(
2
Cψ

)2 ∫∞

0
da1
a1d+1

da2
a2d+1

∫
dd+1k1
(2π)d+1 (a1a2)

d
2

ψ̃(a1k1)ψ̃(a2(k− k1))φ(a1, k1)φ(a2, k − k1). ´ ×�ÚF¹
¯°���0}�®@Âu���u�!�u�0�0�s}����~�0 J�u�s�0Û ���Ù®K|~«�} ¶ }d�s}��F� � �9� � ®K���°���s�0�0�0�§EG�s�0�K�

φ̃0(a, k) =
G0(k)η̃(a, k)

È ¶ � |
G0(k) =

1

−ıω + k2 +m2
,

� �s{�|��0�0�s���d�s�s{�| ¶ �K�h®KÂ��0}�|a�9�K�u«u�0|~�0�s| ´ ×uÚF¹�È9�0}�®K�9�0�0 �«�¬�K�hËR|~�0�s| � ®K� } � �s}��0|�{�®K|~«�} ¶ }«���®-� � �k«��°�9�0�0�0�0ÛÎEI�0�0�0�

G(k) = G0(k) + λ2G2
0(k)

∫
dd+1q

(2π)d+1
∆(q)|G0(q)|2G0(k − q) +O(λ4),

´ wFqF¹

¶ � | ∆(k)
ya���~�s| � �0|��0�0¬�k�0}a J���"�±{h��ªF�u S�~�z�z|~��{��0«��s¬�R�9}u�0�0|�®0�s{�}u� ´ rØÚF¹ t ß }�«�|~���<|~�9Ä

�0} �u�K�Ù®@} ¶ �s�0�0¬ �}�ª��K���~}� & `} ¶ �9{$ªu¬ {�Â «�¬�0�s��®@|��0¬ �
«u�~|<��{h�u�z�<�s|� `}u `|~�s{u¬ ��{�}�¡��hÄ
��{��s�0|~���0��¡ �s}�®@|~�Ot9ã+�u�0�0 !}�ª��K���~}� ÈF�0�0�Ö�0|~�0|Þ¡F} � |a�� `�0} ¶ }� J�u�"�Á{h�uª��0}u ý�Ö}��s�0���u�s�0Û�«



rØÚ

��}u�0 J�h®@�s�~ `|Á��{�}�¡�����{��s�0|~���9} ¶ }$�0«F�u��{�}�«F���0�s�5ÈK�9�u�d«��0�u��{u�0}� ��Þ®K�9�K�u|��0|"�±|~�0�s�d�9�K�u«�Ä
�0|~�0��� � �u�sË<|~«�|��K����}��Þ®K�9�K�u�0�s}��P����®@}�� ´ rÙÕ�¹ ÈJ�0|�®K�0��}� �«�}����0�0}�����«�} � �s{u�Ó��}�ªu¬�0�K�����{�}�¡F�u��{u�0�0|~���9��� � �K� ¶ �K�u ` `�0���${�|�¡��0�s����t³ � © �s�dr��0�0�0«�| � |~�s¬é} � �0}��K�u��{��0�s�0}l�0|��0�0�0«�} � �s¬| � �K� ¶ �K�u ` `¬°È � �uÛVÏ<�0|�«���®-� �«Ð�0|~��{u�9�0ªF��{u�0«��0}u|��0����®@}ØËR|��0�0|R��{�}�¡��u��{��0�s|~�~��}����°���s�0�0�0�ÒEI�0�0�K� ´ wFqF¹Þt ² �K�h®@} ¶ �0�0�s}

a

k

a1 a3

k1 k3

k−k1

a2

a4

k−k1−k2
= + + ...

k k

© �s�utIr�Ã9¿±�K� ¶ �K�u ` `�s}�|°�K����®@}ØËR|~�0�s|���{�}�¡�����{��s�0|~���9}u���°�9�0�0�s�0��EI�0�s�K� � ®K� φ3 ÄÅ `} � |�®K�
��{�}�¡F�u��{u�0�0|~����}����°�9�0�0�s�0�SEI�0�0�K� ´ wFqF¹ È@} � �0}��0|�{�®@|~«u}��
«���®-� � «Ö��{�}�¡�����{��s�0|~���0�0���K�u��Ä�0¬�d��}��s�0|�®K��{�}��%{h�u�sËR|� `}ØËR|�{�ª�¬ {uÂ����u�0�0�~�u�f«

(a, k)
�0�s| � ��{h�u«�®@|��0�0�5Ã

〈φ̃(ai, k)φ̃(af ,−k)〉 ≡ C(ai, af , k) = C0(ai, af , k) + λ2C2(ai, af , k) +O(λ4),
´ w0rÙ¹

¶ � | C0(ai, af , k) = ∆(k)|G0(k)|2(aiaf )d/2ψ̃(aik)ψ̃(−afk).
º � �0}u�0|�{�®@|�«�}��é«��9®-� � «

�K�u�0�0¬�%��}��0�0|Þ®K�s{u}��l�K��«�|~�

C2(ai, af , k) =
1

2
|G0(k)|2(aiaf )d/2ψ̃(aik)ψ̃(−afk)

´ w�x�¹
∫

dd+1q

(2π)d+1
|G0(q)|2|G0(k − q)|2∆(q)∆(k− q).

¿<�0� ¶ �K�� ` `¬°È-��}�}u{u«�|�{u��{�«���ÛVÏ<�0|k�K�h��®@}ØËR|��0�0Û ��{�}�¡�����{��s�0|~���9} ¶ }%�K�u�0�0} ¶ }Ö��}��s�0|�®K��{�}�Ä
�K� ´ w0rÙ¹ÞÈ0�s�~}�ª��K��Ë<|~�0¬��K� © �0��t-x�t

k1 k3

k1−k3 k2−k4

a5 a6

a3 a4

a2

k1

a1

k2
= + + ...

a1 a2 a1 a2
k1 k2 k1 k2

© �s�utsx�Ãu¿<�0� ¶ �K�� `�0}�|\�0����®@}ØËR|��0�0|Í��{�}�¡F�u��{u�0�0|~����} ¶ }��K�u�0�s} ¶ }<��}��s�0|�®K��{�}��0�±«
φ3  `} � |�Ä®@�

Ê �0}u��{�¬ È9�0}�«F��Ë��0¬ ��0�0�0 `|��0}� o J�u���±{h�uªu�0}�Ä ���u«��0���0 `}����K�u�9�Ø�0�0���s«�®K�s|�{��Ó����®0��Ä
�K�u�0�K�h�R�~��®@�sÈ � |��0��{u«u�9ÛÍÏ<���Ö�0�a} � �0}� ��z�0���~�0�0}u«F�u�0�0}u � J���"�±{h��ª�| ´ x�rÙ¹ tFÆo�0|���}u{�}��s}� �~ `¬��®K|�«u«�| � |��0�0|a{h�u��}��%�~�9®@¬6���0«��0«F�Ù®@|~�s{u�0}k�0|~�s|�¡F} � �$�$�0|��<|�{�}��0�s}��d{u|~}��0�s�%�°�0����Ä `|~�0}� ��0�0|��0�0�

a0
t



xuq

© �u�~�� `}u{��s�0 � `} � |�®KÂ������Ù®K�0�0�s} ¶ }��0}�®K�#� «��Ø�u�0 `} � |��0��{u«��0|�  φ3 tý¯z���0}�®@Â��~�u���0�s���{�}u ��0�u�9�Ù�s�s�!�0�d�z�0���~�0�s}�«F�u�0�s}� " J�u�"�Á{h�uª�| ´ x�rÙ¹°�o«�¬ª��K��«l«f�9�Ø�0|~��{�«�| ª������0���0} ¶ }
«�|~�0«h®@|�{h�o�û¸d|~�����0�9�u�0�~����ÛÛ��®K�0���1� ´ x�x�¹ È8�0}h®K�9�K�u|~ Q«u¬�K��ËR|��0�0| � ®K�����z��|��s{��s«��0} ¶ }
�9}u�0�0|�®0�s{�}u�K������®@¬°Ã

∆(q) = 2
(a0q)4

a0

e−(a0q)2D(q).
´ wF×F¹

�����o�0|�{u�s� � �0}�«�� � |�{�ÂsÈ+�0|�{�®@|~«�¬|$�0��{�| ¶ �K�h®@¬ «�¬�0�0�Þ®@|~�s�0¬|$�Ö�0���0}�®@Âu�~}�«F�u�s�0|~ Ü�~�aÄ
��|��s{��s«��0} ¶ }���}��0�0|Þ®K�s{u}��K� ´ wF×F¹%�0|¼��} � |~�FËk��{��Ø®@ÂØ{��K�����s}�®@|�{u}�«�¬½¡ �K�u� ¡�} � �0 `}���{�|~�Ot¯z�s���0�u�0�K�u���0¬|%�K�u� ¡F} � �s `}���{u��{h�u�sËR|%�~ ý� ¶ �K�uÛV{��Ó�Pª�®-� ¶ } � �u�F�¼��{�|��0|~�0�s}� ý�P���u��{�}�Ä�s�

(a0q)4 tÊ } � ��{h�u«�®K���¤���z��|��s{��s«��0¬�P��}��s�0|�®K��{�}�� ´ wF×�¹Á«�«�¬�K��ËR|��0�s� � ®0�#} � �0}��0|�{�®@|~«�¬½¡«���®-� � }�«<«<��{�}�¡��u��{��0�s|~�~����Û��°�9�0�0�0�0ÛÜEI�0�s�K� ´ w�qF¹X� � ®K�Ð�K���0�0} ¶ }R�9}u�0�0|�®0�s{�}u�K� ´ w�xu¹�È�0}�®K�9�0�0 Ã

G2(k) = G2
0(k)IG2,

´ w�w�¹

IG2 =

∫
ddq

(2π)d
∆(q)

∫ ∞

−∞

dΩ

2π

1

Ω2 + (q2 +m2)2

× 1

−ı(ω − Ω) + (k− q)2 +m2

C2(ai, af , k) =
1

2
|G0(k)|2(aiaf )d/2ψ̃(aik)ψ̃(−afk)IC2,

´ w1��¹

IC2 =

∫
ddq

(2π)d
∆(q)∆(k− q)

∫ ∞

−∞

dΩ

2π

1

Ω2 + (q2 +m2)2

× 1

(ω − Ω)2 + [(k− q)2 +m2]2
.

D½�9���0}��0|��0�0�K�Ù®@Â��0¬�
���u�s{u}��5È-«�¡F} � ��Ï<�0�f«H�����z|��s{��0«u�0¬�
��}��0�0|Þ®K�s{u}��
∆(q)

È@�0} � �u«�Ä®K�0|�{Í®@ÛÍª�¬|Î��{�|��0|~�0�s¬|�K�u� ¡F} � �s `}���{u�5È�«�}u�~�0�0�9�uÛVÏ<�0|Î«Í�Ø®@ÂØ{��K�����s}�®@|�{u}�«�}� 
�s�0| � |Þ®@|ut¿Á®0�l{�|�}��0�0�
φ4 �� `} � |�®K|~���R«�¬�"�±�0 ��0}�®@�0�s}� `�K�h®@Âu�0¬ �«��Ø�u�0 `} � |��0��{u«��0|� �}��0�0�~�u��Ä�0¬|z«�¬��<|� `|�{u} � ¬�{h�u�sËR|��0 `|�ÛÍ{�}��0|~«u� � �0}�|z}�ªu}�ªuÏ<|��0�0|�t² �K�h®@} ¶ �0�0�s¬  }�ª��0����}�  }�����Ï<|~��{�«�®0�0|�{u�Ó�  `�0} ¶ }� J�u���±{h�uªu�0}�|���{u}�¡��u��{��0�0|��~��}�|

�0«F�u�s{u}�«F�u�s�0|±�0|~�uª�|Þ®@|~«�¬½¡f�9�h®@�0ªu�0}�«�}��s�0¬½¡d�0}�®@|��5t ß �s|~�0�0�z�0�9�Ð�0�s}Ù�s«�®K�s|�{��Ó�f«Ö�0|�}�ª�Ä
¡F} � �0 `}���{��"{�|�  �9®@�Q�0�0¬  �~�s}��~}�ªu}�  �z�0���~�0�0}u«F��{�Â��9�h®@�sª��0}�«�����t\ã+�u�5È � ®K���0}�®@|��
Ç � ¶ �hÄû¸d�9®0®@���R�9�K�u«��s|~�0�0| � �u�sËR|�«�|~�0�k�s `|~|�{Ö«�� �

∂Aaµ(x, τ)

∂τ
+
(
−δµν∂2 + ∂µ∂ν

)
Aaν(x, τ) = ηaµ(x, τ) + Ua

µ(x, τ).
´ wFàF¹



x�r

Ò � |~��Â ηaµ(x, τ) yÁ�Þ®K�9�K�u�0�0�����~��®-��È�� Ua
µ(x, τ)

y<�s|�®@�0�s|~�0�0}u|Í«u���u�0 `} � |��0��{u«��0| ´ �0���0}�®@Â�Ä��}�«F���0¬�}uª�}u���0�Ù�s|~�0�s�Á¸�t ³ �u `�0�s���â×`��� ¹�t ß {�}�¡��u��{��0�s|~�~�9���<�z�9�0�s�0�s�ÝEI�0�0�K�sÈ~��®@| � �9ÛÍÏR�h��s� ´ wFàF¹ÞÈ0�~} � |��FËÖ�s{��0}��s|~�0|��0�s�9Û ´
T
¹½�%�0�0} � }h®@Â��s�9Û ´

L
¹ �K�u��{��5Ã

Gab
µν(k) =

Tµν(k)δab
−ıω + k2

+
Lµν(k)δab
−ıω , Tµν(k) = δµν −

kµkν
k2

, Lµν(k) =
kµkν
k2

,

}��0�0��¬«F�uÛÍÏ±�0|��K�u�~�s�0}���{u�K�u�0|��0�0|Á�0}��0|��0|~�0�s}��d�%�0�0} � }h®@Â��0}��%��}� `�0}��s|~�s{��0}�®0�5ÈK�~}u}u{�Ä«�|�{u��{�«u|~�0�0}st
Ê �0�s�0�0 J����«�}%«��0�0 J���0�0|uÈG�s{u}f�0�s} � }�®@Â��K�h����}� `�s}��0|~��{h� ´ L ¹°��{u}Ø¡F�u��{u�0�0|��~�0��¡o�0}�Ä®@|~�
Aaµ(x, τ)

ÈX�9�u�P�Þ®@| � ��|�{#���f�9�K�u«��s|~�0�s� ´ wFà�¹ÞÈJ�0|9�~«�}�®KÛ\�0�0}u�0�0�s�u|�{#}u{u�0}��~��{�|�®KÂ��0}
���s�s{��0«u�0} ¶ }\«��0|~ `|��0�

τ
Èh�0�0�±�0}���{u�0}�|��0�0�R `�0} ¶ }� J�u���±{h�uª��s} ¶ }°��{�}�¡��u��{��0�s|~�~��} ¶ }Á�s«F�u��Ä

{�}�«F���0�s�5ÈK `}ØË��0}k�~�0��{h��{�Â���®K�9�K�u�s�s�9Û �~�9®K� �0�0��{�}�{��K�u�s�~«�|��0���h®KÂ��0}��5Ã

〈η̃aµ(a1, k1, τ1)η̃
b
ν(a2, k2, τ2)〉 = (2π)dδd(k1 + k2)δ(τ1 − τ2)Tµν(k1)

× Cψa1δ(a1 − a2)D(a1, k1).

DÎ{�} �~«u}�| ¶ } �0} � �Ð�z�0�����u�0���
�9�h®@�0ª��s}�«��0�5È-�Ø�u `|��s�0ÛVÏR���
�s«��0}�|Á«�«�| � |~�0�s|R���s�9���0�s�9ÛVÄÏ<| ¶ }l�9�h®@�0ªu�0}�«��s���9®@|~�K�d«%�9�K�u«u�0|~�0�s| � �u�sËR|�«�|~�K�$�!�s|Ö�0�0�s«�} � �sÏ<���!���0}Ø�0«�®K|~�0�0Û�0}�«�¬½¡$«u|~�z�±�0�f«k��{u}�¡��u��{��0�0|��~��}��
{�|�}��0�0�d«�}u�~ ý�9Ï±|~�0�s�5t
|Î�9 ` `�0���u�"�0}��s� � |~���~�u  ���Ù®@�0ª��0}u«�}��0�0}u� ¶ �s�9�0�s¬

SU(N)
È � ®K��} � �0}��0|�{�®@|~«u} ¶ }«���®-� � ��«��°�9�0�0�0�0ÛNEI�0�0�K��È`�~} � |~�FËk�hÏ<| ¶ } � «�| {u�0|�¡ ¶ ®@ÛÍ}��0�0¬½¡P«�|~���<�0�0¬°ÈX�0}�®0���s�0 «���{�} ¶ |Á��}��0|��0�0}�|�«�¬�K�hËR|~�0�s|H�Í��x��DÃ

Gab
2µν(k, ω) = g2δabC2|G0(k, ω)|2

∑

I=T,L

∫
dΩ

2π

ddq

(2π)d
N I(k, ω, q,Ω)lIµν(k, q)2∆(q),

´ w�Õu¹

¶ � |

N(k, q) =

∣∣∣∣
1

−ıΩ + q2

∣∣∣∣
2
(

1
−ı(ω−Ω)+(k−q)2

1
−ı(ω−Ω)

)
,

lµν(k, q) = Vµκλ(k, k − q, q)Tλγ(q)Vσνγ(k − q, k,−q)
(
Tκσ(k − q)
Lκσ(k − q)

)
.

�����d `}ØË��0}Ö�0}u���h�Ø��{uÂÖ�s��{�|� ��0|~�0}u�~�0| � ��{u«�|~�0�s} ¶ }$«�¬�0�s��®@|��0�s�f{u|~�s�~}��0�0¬½¡l��{u�s�9�s{u�9�
lTµν

�
lLµν
È «#�Þ®K�9�K�u|�} � �0}� J�u���±{h�uªu�0}����Þ®K�9�K�u�0�s}�������®@¬ ´ x�rÙ¹ È «�|��0«�®@|�{��0¬�����u�s{�}u�

ψ̃(ak)
�0} � �u«�®K�s|�{��Ø®@ÂØ{��K�u�z�0}h®@|�{u}�«�¬|\�0�u� ¡F} � �0 `}u��{��Ot0Æ#��®K�9�K�u| ËR|  J�h®@¬½¡ k ÈF��{u|~�0|���Ä�0}����Á���s{�}��OÈ�{h���sËR|\�s�0}��0� ¡�} � �sÏ<�s� �s�\ª������0���0} ¶ }±«�|��0«�®@|�{h� ψ̃(ak)

È9�� ý� ¶ �K�u|�{±�0�0�z�K�hÄ
�0�K�u���0¬|z�K�u� ¡F} � �s `}���{u�5tOÆÐ��{�}� ��~ `¬�Þ®@|Á«u|~�0«�®K|�{�Ä �0| ¶ �Ø®K�0�0���Ø�u�0���f}u{�®K�0�K�u|�{��Ó�l}�{k�s��Ä
«�|~��{��0¬½¡d `} � |�®K|~�f�s|~�0�0|��0¬«��0}u� ß �\ÄÅ�0| ¶ �Ø®K�0�s�s�Ø�u�s�0� ∫ ddyRΛ(∂2)η(y, τ)

t Ê }��Þ®@| � �s�0|
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e−
k2

Λ2
ÈO�~} � |~�FËk�hÏ<�0 ��s `�s�Ø®@Â��k}�ª��0|��Ø�u�s�s� Λ

È5�0}%�0|R�Ø�h{��K� ¶ �0«F�uÛV{f�s�0�z�K�u�0�K���~�0}�|
�0}�«�| � |~�0�s|�{u|~}��0�s���Çx�w	�Dt
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���0�0}�|��0�0�0|��
�~�0�0�0�Ö�K�u«��s}��!rÙÝux�t × ����{�} � ®K�f�0�0� ¶ }u{�}�«h®@|~�0���lËR|�®@�u|~ `}�����9�0|~�s�0}u���s�0�0�o��}���{u}Ù�s�0�0�o«%�0} � ���0��{u|~ `|Ð `¬ «�}u� � |~�0��{�«u�u|~ "�k�0}� `}uÏ±Â�Û  J� ¶ �0�s{u�0} ¶ }
�0}�®K���K�
«���Ûî���0��{u|~ ý��ÈX�0|$«�¬ �~¬«F�����0�0�¤��{�}u  �0}�®K�0}�� � |~��} ¶ |~�0|��0�0�0�&«�}u{ � |Þ®@Â��0¬½¡�0} � �~�0��{�|� J�h¡.tß }u��{�}Ø�s�0�0|Õ�Þ®@|~ `|��s{h�u�0�s} ¶ } �0«��u�s{�}u«�} ¶ }�}�ªu»G|��s{h�k `}ÙË<|�{�ª�¬ {�Â��0�0| � ��{h�u«�®K|~�0}Ð«u|~��Ä{�}��0}u P�~}u��{�}Ø�s�0�s�d« ¶ ��®@Â�ªu|~�s{u}�«�}� ¼�0�0}���{��K�u�s��{�«u|±�~}u��{�}Ø�s�0�0�

|ψ〉 =
∑

i

ci|φi〉,
∑

i

|ci|2 = 1.

¯a�~ `|~�0|��0�0|uÈ�s�0}�«�| � |~�0�s}�|
�K� � �0«��u�s{�}u«�}��&�~�s��{�|� `}����K�h¡F} � ��Ï<|��0�Ó��«o�~}���{�}Ø�0�s�0�
|ψ〉 È`�f«u|~�0}Ø�s{u�0}���{�Â�Û |ci|2 �0�0�0«�} � ��{��P��}�®0®@�u�0����«�|��s{�}u�K�!�~}u��{�}Ø�s�0�s���¼} � �0}� ý�#�s�ªF�����s�~�0¬½¡o�~}���{�}Ø�0�0�s� |φi〉 tý¯a�� `|��0|~�s�0|$}�����Ï<|���{u«�®K�0|�{��Ó�P�s��{�|~ �«u���u�0 `} � |~�s��{�«u�s���~��Ä��{�|� `¬��o}u�0�s��ËR|~�s�0|~ µy��0�0�sª�}��K�u `�OÈ\ªu�9�z|~�K�� `����{Ùtâ�5t È\�Þ®@}�«�}�  «���|~  {�|� Èa�o�0|� 
«u�Ø�u�s `} � |~�0��{�«u�u|�{&���0��{u|~ J�sÈ ��~«�}h®@Û\�0������}u{u}��0} ¶ }�{h���sËR|�}��0�0��¬«F�u|�{��Ó���0«F�u�s{u}�«�}��
 `|�¡����0�0��}��5t
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��{�}Ø�s�0�s�d}��0�s��ËR|��0�s�

|ψ〉 =
∑

ij

Cij|φi〉|θj〉.
´ wFÜF¹

Ò � |~��Â {|φi〉}i
ya�0}�®@�s¬�±�K�uªu}��Á«u|~�s{u}��0}�«Í�~}���{�}Ø�0�0���<�~�s��{�|� `¬°È {|θi〉}i

y°�s}�®@�0¬�Á�K�uª�}��
«�|~�s{u}��0}�«��~}u��{�}Ø�s�0�s�d}��0�s��ËR|��0�s�5t

ß �s| � �0|�|!���0�Ù�s|~�0�0|�®@Û\ªu}����K��ª�®@Û � �u|� `}�� A
ÈV}�{��0}��Ó��Ï<|��0�Ó�Q�����0��{u|~ `|�È\�0}��0|!�

}��0�s��ËR|��0�0Û±È@ `}ØËR|�{�ªu¬ {�Âk�Ø�u�0�s���u�0}��z�0}� `}uÏ±Â�Û¿Ì�$	*@ß�(&à&áÐÉ1')0�*+%�0�.�*+(KÃ
〈A〉 ≡ 〈ψ|A|ψ〉 =

∑

ii′

ρi′i〈φi|A|φi′〉 ≡ Tr(ρA), ρi′i ≡
∑

j

C∗
ijCi′j,

´ wFÚF¹

¶ � | ρi′i y� J��{��s�0�K�R��®@}u{u�0}���{��5t@Æ½|��s{�}u�K�R�~}���{�}Ø�0�0���$}��0�s��ËR|��0�s� �0�s| � �0}h®-� ¶ �uÛV{��Ó�%}���Ä{�} ¶ }��K�h®@Âu�0¬ `� 〈θi|θj〉 = δij
tv¹
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�0�s{�Âk�����0| � �s�s�d�0}���{�|��0|~���0 ���«�}�ª�} � ¬ C1
�
B1
ÈK�0}k�0|

B2
t



x�w

A11 A12

B1

C1

A21 A22

B2

© �s�ut5×�Ã ß {u�s�9�s{u�9�K�$ª��0�0�u�0�0}��f�0|~�K���F¡��0�s|~�~��}������0��{u|~ `¬°t.¿�®K�d«�¬�0�0�Þ®@|~�0���
 J��{��s�0�0¬
��®@}u{u�0}���{u���s} � �~�0��{�|~ `¬ A11

{u�0|~ªu�u|�{u�Ó���u�~�0| � �0|~�s�0|��s}Ð�~}���{�}Ø�0�s�s�0 ��0} � �~�s��{�|�  B1
�

C1
ÈK�0}k�0|z�0}��~}���{�}Ø�0�0���0 

B2, A21, A22
t

Æ�}�ªuÏ<|� ���®0���0�u| � ®K�d}��0�s���u�0���l�~}u��{�}Ø�s�0�s�l}uªu»G|~�s{h� A1

´ «u�Ø�u�s `} � |~�0��{�«u�9ÛÍÏ±| ¶ }d�}�ªu»G|~��{h�u `�
A2, . . . , AN

¹ÞÈs��}u{u}��0¬�$�0«�®K�s|�{u�Ó�$�K�u��{uÂ�ÛQ}�ªu»G|��s{h�
B1
Ès `¬ � }h®KËÖ�s¬��s�0| � Ä��{h�u«���{�ÂÖ«u}�®@�0}�«���Û"�°�9�0�0�0�sÛ����0��{u|~ `¬Q«�«�� � |

Ψ = {ψB1
, {ψB1A1

, . . . , ψB1AN}},
´ �uqF¹

¶ � | ψB1

y¼«u}�®@�0}�«������°�9�0�0�0�����s|�®@} ¶ } ´ }�ªu}u���K�Ø�0|��0�K�����9�u�
B1
¹�È�

ψB1A1

�s«�®K�s|�{��Ó�
«�}�®@�0}u«�}��$�°���s�0�0�0|���äiå�æYç~å�è)é{è¡ê�ë

A1
ÈK�0�s�0�K� � ®K|�Ëk��Ï±|~�d�~�0��{�|~ `| B1

t
ã+�u��}��<�z}��0 J�Ù®@�s�� 
�s `|~|�{ � «F�a�u���0|~�s{h��tFÆ½}�Ä �0|~�0«u¬½¡OÈh|~�Þ®@�k�K�u 
�s�~«�|~��{��0¬��~}uª���{u«�|~��Ä�0¬|±«�|��s{�}u�K� |φi1〉, . . . , |φik〉 «���|�¡d�K�u��{�|~�OÈO«u���u�0 `} � |~�s��{�«u�0|< `|�Ë � ����{u�0 `�l�K����{Ø�0 `�
�

«��0|"�±�0�0|��0}�®K�OÈ `¬ � }h®KËÖ�s¬ì�0 `|�{�ÂP«u}u�� `}ØË��0}���{uÂ#�0}���{u�0}�|��0�s�����0��{u|~ `¬ �°�9�0�0�0�s�
|θj〉

t ³ }Á«�}h®@�0}�«�¬| �°�9�0�0�0�s�Ð«��~|Þ¡��~}���{h�u«��0¬½¡Ö�K�u��{�|��Ö�0�0��} ¶ � �±�0|V `} ¶ ��{<ªu¬ {�Â±����«�|���{�Ä�0¬�} � �s}�«��0|� `|~�0�0}sÈK�0} ��{u}� ý� ª�}h®@|~|°�K�h�~�9 `�0}��0�~�s�u�~��{�«�|��0�0}Ð«�«u|~��{u�d«u|~�s{u}��d��}���{u}Ø�0�0�s� J�u�0�0}u�9�0}u«��s� |θj〉 ���K�u�~�� J��{��s�0«F��{uÂ�«��Ø�u�0 `} � |��0��{u«��0|$ `|�Ë � ����{u�0 "�~�0| � �0�0 ��0}�®@|�  J�u�0�0}u�9�0}u«��s�%�$�0}�®K�s `�d `�0�s�0}u�9�0}�«����5t
ÆÎ}�ÄÅ«u{u}��0¬½¡.Ès�9�u��¡F}��0}	�<}R�s�~«�|~��{��0}0È��K�u�0�s�0 `|~� «Áª��0}�®@} ¶ �0�5È�«�®@�s�s�0�0|Í«��0|"�±�0��¡Ö�0}�Ä

®@|~���K�Ð��}� `�0}u�0|~�s{u¬���®@|�{��0���~�9®@Â��0} �Ø��«��0�~��{d}�{$�~}���{�}Ø�0�0����«��~|����9®@|�{u�0�5t Ò � |~��Â  `¬��{h�h®@�s�0«F�u|� `�Ó���
{��0�s�0�0�0}����0�0}�ª�®K|~ `}���{�|�}��0�0�����s�K�u«�®@|��0�s�&y���� � �Ø�K���9�0�K�u«�®K|~�0�s� `�0�0�0}u�9�0}u«��0|~ ¼�s��{�|� &«�}u� � |~�0��{�«��s�%{�}h®@Â���}��0�k��{�|��0|~�0�f�~«�}�ªu} � ¬� J�u�0�s}u�9�0}�«��s�OtÊ �u��{�Â
A
yl}u�0|~�K�h{�}�� � |~�s��{�«���ÛVÏ<�0���0�% `�0�s�0}u�9�0}�«��s|����0��{u|~ `¬°È2�~}���{�}Ø�sÏ±|~�o��� k�K�u��{u|~�5t@ã8} ¶ � �sÈ � ®K�%�~�0| � �0| ¶ }��~�K�Ø�0|~�0���f�K��ª�®@Û � �u|� `}�� A �s `|~|~ Ã

〈A〉 =
∑

C∗j′

i1′,...,ik
′C

j
i1,...,ik

〈θj′|〈φi1′| . . . 〈φik′ |A|φi1〉, . . . , |φik〉|θj〉 = ρi,i′〈i|A|i′〉,
´ ��rÙ¹



x �

¶ � |ÁË��0�0�0¬�9�<�0�0�°{
i ≡ (i1, . . . , ik), |i〉 ≡ |φi1〉, . . . , |φik〉

�0���0}�®@Âu����|�{��Ó� � ®K�d ý�Ø®@ÂØ{���Ä�0� � |��9��}�«Ö��}���{u}Ø�0�0�0�d `�0�0�0}����s}�«��s�OtÊ }
���K�h®@} ¶ �0���Ö�9�0�K��«�®K�0|� `¬ `�#�0«F�u�s{u}�«�¬ `� ¶ |~�s{h�u `�OÈý�0�~�s}�®@Âu����|~ `¬ `��«
�h® ¶ }�Ä
�0�s{� J�Ù¡%�0«F�u�s{u}�«�¬½¡%«�¬�s�0��®@|��0�0�5È- `¬� `}ØËR|� P«�«u|~��{u�f}��s|~�K��{u}��0¬°È � |��0��{u«��0|±��}u{u}��0¬½¡�K�R `�0�0�0}u�9�0}u«��0|z�Ø�u«��s�~�s{�}u{��~}���{�}Ø�0�s�s�f J���0�0}u�9�0}�«u�s�Ò�ÇÜ�� È

B̂ = |i〉|θm〉Bm
ik〈θm|〈k|.

´ ��x�¹
ß �0| � �s|~|��~�K�Ø�0|~�s�0|���}�}u{u«�|�{u��{�«���ÛVÏ<|����0�uª�®@Û � ��|~ `}���« � «u�F¡��9�0}u«��0|~«u}����0|��K�u��¡��0�0|ÞÄ�~��}��%�~�0��{�|~ `|Á�K�u«��s}

〈B〉 = 〈ψ|B̂|ψ〉 =
∑

j,i,i′

C∗j
iB

j
ii′C

j
i′.

´ �u×F¹

ã+�u�0�0 #}�ªu�K����}u È0}�����Ï±|~��{u«�®K���f�s�~ `|~�0|��0�0|z�~}u��{�}Ø�s�0�s�% J�u�0�0}u�~�0��{�|~ `¬°È@ `}ØË��0}R�0}�Ä
®K�9�0�s{�ÂÁ�0|~��}u{u}��s�9Û��0�0�z}��0 J�u�s�0Û�}� `�s�0�0}����0��{u|~ J�h¡��0| �s�~ `|~�s�����9¡k«�}�®@�s}�«�¬½¡k�°�9�0��Ä
�0�0�5tKã+�u�5Ès|���®@�% `|��~}��%�K�u� � |��d«R��}���{u}Ø�0�0�0� | ↑〉 È0�s�0�0 `|~�s�0«��s�0}�|~�s�0�0}��0�s¬�f}��0|��K��{u}��
P↑ = | ↑〉〈↑ | �
| ¶ } «u}�®@�0}�«u}��f�°�9�0�0�0�s�5È5 `}ØËÖ�s}Ð�0}�®K�9�0��{�Â$�0�0�z}��0 J���0�0Û�}Ö{u}� ÈO��{�}}�ªF�Á�s«F�u�0�9�sÈ��~}u��{h�u«�®0�0ÛÍÏ±�0| � �u�s�0¬�  `|��~}��5È9�0 `|~ÛV{R�0�0}�|��0�0�0� ���0�0�K� sz = 1

2
: |~�Þ®@�ÐËR| `|���}u���K�u� � |��#«l�~}���{�}Ø�0�s�0�¼�Ö�s�Ø®@|~«�}u���0�0}�|��0�0�0|������0�0�K��Èý `}ØËÖ�0}d�9{u«�|~�FË � ��{uÂ0Èý�s{u}�~}���{h�u«�®K�sÛÍÏ<�s|±| ¶ }��s«F�u�0�0�$�0 `|�ÛÍ{��0�0}u{u�0«�}��s}�®@}ØËÖ�s¬|Á�0�s}�|~�0�s�0�f���0�0�K�st

�°}� `�s}��0|~��{�¬"«�}�®@�s}�«�}��%�°���s�0�0�0�l�s�0�0�K� � ®@|�Ëk�hÏ<�0|<�0����®@�s�0�0¬ ��9�0}�«����0 &�0|��K�u��Ä¡s�s�P `} ¶ �9{��0 `|�{�Â!����Ï<|~��{�«�|��0�0}o�0����®@�s�0�s�9Ûì�0�s�0�0} � �-ÃJ�0 `|�{uÂ!�K����®@�0�0�s¬|d���0�Ù�s|~�0�s��~�0�0�0�sÈ0�s�~}��~�0�s�K�sÈ0�0«u|�{�}u«�} ¶ }k�0� � |~�����k�5È���®@| � }�«F��{u|�®@Âu�0}0ÈK�0�0�s�K� � ®@|�Ëk��{uÂ��0����®@�s�0�0¬ �0�0}���{��K�u�s��{�«��u tBEG�9®@Â�ª�|��s{�}�«u}��s�0}���{u�K�u�0��{�«�}��0|��K�u��¡��0�0|~���0��¡ «�|��s{�}��s}�«���}���{u}Ø�0�0�s�
 `}ÙË��0}<�s}���{u�0}��s{uÂ��s� ¡F} � �$�s�°�s�0| � �s}�®@}ØËR|~�s�s� }�ª<}uªuÏ<|��Ö®@�0�0|��0�0}���{�� � ®K� «���|�¡��9�0}�«�Ä�0|~�%�0|~�0�u��¡s�s�5Ã

Ψ1,Ψ2 ∈ H, a, b ∈ C⇒ Ψ = aΨ1 + bΨ2 ∈ H.
Ψ1 = {ψB1

, {ψB1A1
, . . . , ψB1AN}, . . .}, Ψ2 = {ψD1

, {ψD1C1
, . . . , ψD1CN}, . . .},{�}���¡Ð®@�0�s|~�0�K�h�d��}� `ªu�0�K�u�0���

Ψ = aΨ1 + bΨ2 = {aψB1
+ bψD1

, {aψB1A1
+ bψD1C1

, . . . , aψB1AN + bψD1CN}, . . .}
´ ��w�¹

{h�u�sËR|z�0�0�s�K� � ®@|�ËÖ��{ H t ß ���Ù®K�0�0�s}�|°�0�0}�����«�| � |~�0�s|Á�0|��K�u��¡��0�0|��~�0��¡d«�|��s{�}u�0}�«k�~}���{�}�Ä�0�0�s�$}u�0�0| � |�®K�s|�{��Ó�l�0}���}� `�0}��s|~�s{u�0}0Ã

〈Ψ1|Ψ2〉 = 〈ψB1
|ψD1
〉+

N∑

i=1

〈ψB1Ai |ψD1Ci〉+ . . . .
´ � ��¹



xuà

Ù ±+�s�-��¨ ´ �ûÆÎ|~�0«�®K|�{�¬Q�$����{��K���0|~�0�s|R�K�u� ¡F} � �s `}���{u|~��«�{u|~}��s�0�l�0}�®0���û¹ �0}u�~«u��Ï<|~�0��0�0�0 `|��0|~�0�sÛ �0|~�0�s|~�0¬«��s} ¶ }
«�|��0«�®@|�{�Ä �0�0|~}uª��K���~}�«F�u�0��� � ®K������{u�K�u�0|��0�s�#�K��� ¡F} � �0 `}�Ä��{�|��f«k�0«F���s{�}�«u}��%{u|~}��s�0�f�0}h®K�5t
G\}��0}
�±}
�s��«u|~��{u�0}0Èý��{�}
�Ø®@ÂØ{��K�u�z�0}h®@|�{u}�«�¬| ´¾á Qk¹Á�K��� ¡F} � �0 `}���{��5È`«u}u���0�s����ÛÍÏ<�s|«R�0«F�u�s{u}�«�}��Ð{u|~}��s�0�d�s}�®K� �K�< J�Ù®@¬½¡$ J�u���±{h�uªF�Ù¡OÈs�~«u���Ø�u�0¬��a{��0�u�0�~�z}��s J�u�0�0}��s�0¬ `�

�~«�}��s��{�«��u `�±�0«��u�s{�}u«�}��0}�®K|~«�¬½¡z `} � |Þ®@|~�±�0} }u{��0}	�<|~�s�0ÛP�� J�u�"�Á{h�uª��0¬ 
�s�0|~}�ªu�K����}u«F�hÄ�0�s�0 t�¿Á®0�Æ�<�0�s}���} ¶ }���®-�u�����<{h�u�0�9¡$ `} � |�®@|��5ÈK�s�~«�|~��{��0¬½¡%�9�u�9Ì�Ë�')ì`*+(&É1'�(&/`$
*+(�â�%�0�í
ß)-"%�0fß`Ì�(
ß�Ë1-�Ì�á�-V `} � |Þ®@�5È.�0�0}�ª�®K|~ J���Ø®@ÂØ{u�K�u�z�0}�®@|�{�}�«u¬½¡
�K�u� ¡�} � �0 `}���{�|~�����9Ï±|~��{�«�|���Ä�0}��9�0�0}�ÏR�u|�{��Ó� �s��{�|� ò ý�Ø®@ÂØ{u�0��®@�0�9��{u�0«��0} ¶ }"�0�0|�}�ª��K���~}�«F�u�s�s���0}h®@|~��� ��}��0��{h���s{
�~«u�����5t Ê |��0|~�0}u�0 `�0�0}�«��u�0�0¬|��°�9�0�0�0�s�¿EI�0�s�K�sÈa�0}h®K�9�0|~�0�s¬|����9{u|~  {h�u��} ¶ }��0�0|�}�ª�Ä
�K����}u«F�u�0�s�OÈd��{h�u�0}�«��s{��Ó�ö��}��0|��0�0¬ `�Z«÷�Ø®@ÂØ{��0�u�z�0}�®@|�{�}�«�}u  �0�s| � |Þ®@| Λ → ∞ y
«��~|#�K�u� ¡�} � �0 `}���{��é� � �~}��0ªu�0�s�9ÛÍ{u�Ó� ª�|��~��}��0|��0�0¬ `� �9}u�0��{h�u��{h�u `���0|��0|~�0}u�0 `�0�0}�«u�0�
Zφ(g,Λ), Zg(g,Λ)

t ³ |��Ø�u«u�0�~�0 `}u��{�Â#�K��ª�®@Û � �u|� `¬½¡��z�s���s�0|~���0��¡��0|��~�Ø®@ÂØ{h��{u}�«¼}�{��s��Ä `|~�0|��0�s�� J�u�"�Á{h�uªF�P�s�~«�|~��{��K�¼�������0|��0}��0 J�Ù®@�s�Ø���0�0}��0�0�����0�s«F�u�0�K���s{��0}u��{�ÂsÈ\�#���u J�
¶ �s�9�0�K���0�0|�}�ª��K���~}�«F�u�s�0�Öy �9�u��ß)-"%�0fß`Ì�$�')(zî�$	à&(�0Ê%&%&$Êï�2vß&Ë`É&É&$ ´·© E8¹Þt

³ �h®K�0�0�0|a���0 ` `|�{u�0�0�5Ès�~«u���Ø�u�0�s}��Ð�\ J���"�±{h��ª��0¬ `�$�0�0|�}�ª��K���~}�«F�u�s�s�0 `�Ð�s} � �~�9����¬½Ä«F�u|�{%�Þ®@| � �9ÛVÏ<�0���0|��0|~��{f�0}u��{��s}�|~�0���o�0}�®K|~«�¬½¡� `} � |Þ®@|~�OÃ2�s�0�!�0}u��{��s}�|~�0�s�!�°�9�0�0�0��Ä}��K�h®-� � |~�0��{�«����
�s��ËÖ�s} �0�~�0}h®@Âu��}u«F��{�ÂÖ�0}�®K�f�0�0|~}uª��K������ÛVÏ<�0|��Ó���0}Ð�0�0| � ��{h��«�®@|~�s�s�0 �u�z�0�0�0}�� ¶ �s�9�0�0¬
G : x′ = ax + b

t¡ð`��®@�� `¬"�~�0��{h�u|~ ÈI�s{u} �0}�®K�9�K��|~ J�����<�s}� `}uÏ<ÂuÛ
 `|�{�} � � © EP��{u|~�0|��0�K�����Ø��«��0�~�s `}���{uÂd��}��0��{h�u�s{u¬é�~«u������}u{% J�u�"�Á{h�uªF� � |~�0��{�«���{�|�®KÂ��0}}u{��K�hËk�u|�{a�������0�s�±�0�~�Þ®@| � ��|~ `¬½¡k�s«�®@|��0�0�5Èu�\�0|½�s«�®K�0|�{��Ó�R J�h{�|~ J�h{��0�0|��~�0�s ��u�s{u|~���u��Ä{�}� Èh `¬ � }�®0ËÖ�0¬!�K�u�s{u�R�~�0}���}�ª\«u��®@Û\�s�s{�ÂJ��{u���Ø�u«u�0�~�0 `}u��{�Â\«Í{�|�}��0�0Û¼�9Ë<|Î�K�V��{h� � �0��0}���{u�0}�|��0�s�< `} � |Þ®@�5Èh�Í�s|Î�K� ��{h� � �0�±�u��{��0�u�0|~�s�s�R«�}u�~�0�0�9�uÛVÏ<��¡Á�K�u� ¡�} � �0 `}���{�|~�Ot × {�}�Äª�¬�� � |Þ®-��{�Â���{�}0È-}�ª��0��{��0 `�Ó�d�l�0�s}���{u|~�z�±|~�
 `} � |�®K�l�~�9�h®K�s�0�0} ¶ }Ð�0}�®0�f«�|~«���®K� � }�«�}u �0�0}���{��K�u�s��{�«u|

S[φ] = 1
2

∫
φ(x1)D(x1, x2)φ(x2)dx1dx2

+ 1
4!

∫
V (x1, x2, x3, x4)φ(x1)φ(x2)φ(x3)φ(x4)dx1dx2dx3dx4.

´ �uàF¹

¯z���0}�®@Â��~�u�Ö«�|~�s«�®@|�{hÄÅ�0�s|~}�ª��0����}�«��u�0�0|a `}ØË��0}°®@| ¶ �9}R�s|~�0|��0�0���h{�Â ´ ��àF¹J«Á«�� � |V�°�9�0�0�0��Ä}��K�h®-��}u{R J�u���±{h�uªu�0}u�Ø��«��0�~�s `¬½¡$�0}�®@|��
φa(b)

t Ê �0}u�s��«�} � ��Ï<�0� �°�9�0�0�s�0}��K�h®%��}�}u{u«�|�{hÄ��{�«���ÛVÏ<|��f{�|�}��0�0�d�0}�®K�$�0�s�9��{�}� ��s�0�0 `|�{�«�� �

ZG[J ] =
∫
Dφ(g) exp

(
−1

2

∫
G
φ(g1)D(g1, g2)φ(g2)dµ(g1)dµ(g2)

− λ0

4!

∫
G
Ṽ (g1, g2, g3, g4)φ(g1)φ(g2)φ(g3)φ(g4)dµ(g1)dµ(g2)dµ(g3)dµ(g4)

+
∫
G
J(g)φ(g)dµ(g)

)
, ´ ��Õ�¹



x�Õ

¶ � | g ≡ (a, b)
yk��}�}�� � �0�0��{�¬��K�Á�u�z�0�0�0}�� ¶ �s�9�0�0|�È dµ(g) = dadb

ad+1

y<®@|�«�}��0�0«��u�0�K�u��{��K���
 `|~�K�sÈ��

Ṽ (g1, g2, g3, g4)
}�ªu}u���K�Ø�K��|�{��0|����Ø®@ÂØ{h��{<�0�s�0 `|~�0|��0�s��«�|��0«�®@|�{�ÄÅ�s�0|~}�ªu�K����}u«F�u�0�s�

�d�0|�{�¬�0|Þ¡9{�}��0|��0�0}� ý�d�0}u{u|~�0�s�K�h®K�
V (x1, x2, x3, x4)

�s}��9��Ë � }� ý�Ö�s�Á�u� ¶ �� `|��s{�}u«0t³ |�{��s� � �0}�«�� � |�{�Â0ÈJ�s{u} � �K� ¶ �0�u `�K���#{�|Þ¡��0�0�9��«�{h�u��}��P `} � |Þ®@��ªu� � |�{�}u{�®@�0�0��{�Â�Ä�Ó�
}u{ }�ªu¬�0�0}��
�z|~�s�0 J�u�0}�«u�~��}��l{�|Þ¡��0�0�0���K�h®@�s�0�0|~ ��K�Ð�9��Ë � }��d®K�0�0�0�
«�|��0«�®@|�{��0¬½¡ `�0}ØËÖ�s{u|�®@|��
a
d/2
i ψ̃(aik)

���0��{�| ¶ �0�0�0}u«F�u�0�0|� ÷�0}! `|~�0|
dµ(a, k) = ddk

(2π)d
da
ad+1

«� `|���{u}
}�ª�¬�0�0} ¶ }±�s�s{�| ¶ �0�0�s}�«F�u�0���Ð�0}Á�0 `�s�Ø®@Â��~�u o«����hË � }u��«�|��z�<�s�0|ut9ãý�u�OÈ � ®K���~«�}�ªu} � �0} ¶ }�0�0}��K� ¶ ��{�}��0���0 `|�|~ 

D−1(a1, a2, k) = a
d/2
1 ψ̃(a1k)

(
1

k2 +m2

)
a
d/2
2 ψ̃(a2k).

Ê �s�Õ��{u}� 
�0} � �K�h�~�9 `|~«F��|�{��Ó�<} � �0}��0} � �0}u��{�Â\�0}\�0�s}���{u�K�u�0��{�«�|��0�0¬ ��9}u}�� � �0�K��{h�� ÈV{Ùtâ|ut{�}0È�s{u}¼ J�h{��0�0�s�0¬|��Þ®@|~ `|��s{�¬ ���u«��0�Ó��{�®K�z�<Â�}u{��K���~�0}���{u|~���9}u}�� � �0�K��{ÙÈ �0}#�0|�}u{���u `��¡ �9}u}�� � �0�K��{Ùt
ð`��{�|~��{�«�|��0�0}0È2|~�Þ®@���K�u���~ J��{u�0�0«F��{uÂ%{u|~}��s�0Û � � |~�s��{�«u�0|~  S[φa(b)]

�9�u���0|��~�Ø®@ÂØ{h��{
«�|~�0«h®@|�{hÄÅ�0�0|�}�ª��K�h��}�«F���0�s�%�0� ¡F} � �s}��d{u|~}��0�s�f� � |~�s��{�«u�0|~  S[φ(x)]

Ès{�}��0}��Þ®@|z�0�s{u| ¶ �s��Ä
�0}�«F�u�s�s���0}%«��~|� � J�u�"�Á{h�uª��0¬ ��u� ¶ �9 `|��s{h�u  da

ad+1

«�}u�~��{h���K�u«�®@�s«F�uÛÍ{u�Ó�o}�ªu¬�0�0¬|��0|�Ä
�~�Ø®@ÂØ{h��{�¬°t�ð`�Þ®@�5È } � �K���9}sÈ½�0}��s�0 J��{�Â��s} � φa(b) ≡ 〈a, b;ψ|φ〉

�s|��~�Ø®@ÂØ{h��{��s�~ `|~�0|��0�s�
�~}���{�}Ø�0�0��� |φ〉 «%{u}��0��| b �k�0}� `}uÏ±Â�Û ªF���~�0�~�0} ¶ }f��}���{u}Ø�0�0�s� |ψ〉 �0�0���K���~�0|"�±|~�0�0� a È��}u�0�0| � |�®@�s{uÂ� J�h{��0�0�s�0¬|9�Þ®@|~ `|��s{�¬÷���°�9�0�0�s�0��EG�s�0�K� � ®K�#�0}h®@|~���Ø��«��0�Ó�sÏ±��¡#}u{ J�u�"�Á{h�uªF�sÃ

〈φa1(b1) . . . φan(bn)〉 = − Z[J ]

δJa1(b1) . . . Jan(bn)

∣∣∣∣
J=0

,
´ �uÜF¹

{�}"�0�0�ç�~}�}�{�«�|�{���{u«u�9ÛÍÏ±|~  «�¬ª�}��s|��Ø�u«��s�~�0 `}���{�� �9}u�0��{h�u��{�¬ �~«��s��� }u{� J�u���±{h�uª��
λ = λ(a)

ÈX J���"�±{h��ª��0}u���u«��0���0 `¬|
�°���s�0�0�0�ÐEI�0�s�K� ´ ��ÜF¹<}��9����¬«F��ÛÍ{��Ó���9}u�0|~�0�s¬ `�5t
³ |�{��s� � �s}Ö{h�u�sËR|Á�0}��9������{�Â0È@�s{u}Ö�Ø���~�0|�{Ð«�|��0«�®@|�{��0} ¶ } ���u�s{u}��K��}u���h��¬«F�u|�{��Ó�f�9}u�0|~��Ä�0}��Ð�°�9�0�0�0����EI�0�0�K�Á�~«�}�ªu} � �0¬½¡��0}�®@|��5Ès«�¬�s�0��®@|��0�K���Ð�0�0�Ð��}�«��K� � �uÛÍÏ±��¡Ð��}�}u� � �0�K�hÄ{h�h¡.È-�s}��0����®@�s�0�0¬½¡d J�u�"�Á{h�uªF�h¡.t

× {u}f�9�u����|�{��Ó�o�0�0}���{��K�u�s��{�«u|~�0�0¬½¡��~�0 ` `|�{��0�0�o{u|~}��s�0�5È2}��~�0}u«F�u�0�0}u�!�K�d�u�z�0�0�0}��
¶ �s�9�0�0|�ÈØ{�}V«�«�| � |~�0�0|J�0}u«�}��z J�u�"�Á{h�uª��0}u�±�0|��0|~ `|��0�0}��Á�Á���s{��0�s|~�~�s�±}u�~�K�Ø�K�u|�{ÙÈØ��{�}V«� `|�Ä��{�}±} � �0} ¶ }Á�~�9�h®K�s�0�0} ¶ }<�0}�®0� φ(x)

È� `¬¼{�|~�s|~�0Â<�s `|~|~  � |�®@}<�V�K�uªu}��0}� ��0}�®@|��5È��s�0}��0��Ä
� |~���~�s�0}�«F�u�s�0¬½¡Ð J���"�±{h��ª�}�  a Ã {φa(x)}a : � ®K���9��Ë � } ¶ }Á���s�9���0�0}�«��u�0�0} ¶ }Á�~�K�Ø�0|~�0��� a�0�0«F�u�s�K�u�s{u�0}���{uÂÁ�s}a}u{��s}
�<|��0�0Û��R«��K��Ï±|~�0���0 ��<{��K�u�s��®K�s�0�s�0 Èu|~��{u|~��{�«�|��0�0}0È�}���{h�u|�{hÄ
�Ó�5tKÆ&�0�0}u��{��0�u�0��{u«�|ÁË<|a}��0|��K��{�}u�0�0}u�~�K�Ø�0�0¬½¡d�°���s�0�0�0�%«�}u�~�0�0�9�u|�{��0�0}uª�®@|~ J�R�°}��s�0|�Ä
� |�®@|��0�0|� é�9}u ` ý�9{h���0�0}��0�s¬½¡P��}�}u{u�0}
�<|��0�0� [φa1(x), φa2(y)]

Èý�0}���{h�u«�®@|��0�K���P«��0�uª�}u{u|
�vx�x�� t2Æ½}u�~ `}ØËÖ�0}u|��s|"�<|��0�0|Æ��{�}��!�0�0}�ª�®K|~ `¬é�0�0| � ®@}ØËR|��0}l«%�K�uª�}u{h�Ù¡o��«u{�}��0�§� r�ruÈ��uq	�DÈ
¶ � | �K�°}��~�0}u«F�u�0�0� � «���¡R}��0|~�0�u�0�0�k�K�u��{��0�s�0} ¶ }��9�0}��F� � }u�0|~�0���Ry±�0}z J�u���±{h�uª�� ⊂ ÈF���s}



xuÜ

�9}u}�� � �0�K��{u| ≺ È�«�«�| � |~�0}R}uª�}�ªuÏ±|~�0�0|\�0}��s��{��s� T �9�0}��F� � }��0|~�s�s�$�0}R�0�0�s�0�0�0�s�#� }��0|��K�hÄ
{�}���}u{u«�|~�K��ÛÍÏ<�s�!ª�}�®KÂ
�<|� ý�l J�u���±{h�uªu� � |~�0��{�«u�u|�{l�s|~�0«�¬  �ÐtI¯°�~�0}h®@Âu�~�����u�K�h®@} ¶ �0Û�d `�0} ¶ }� J�u���±{h�uªu�0¬ `�&��®K�9�K���0�0¬ `�&�0�0}u�0|~�����u `�5ÈX�0�0| � ®@}ØËR|��0¬µ{h�u�sËR|d«�}u�~ `}ÙË��0¬|
�9}u ` ý�9{h���0�0}��0�s¬|°�~}�}u{u�0}
�±|~�0�s� � ®K�Ö `�0} ¶ }u J�u�"�Á{h�uª��0¬½¡Ö}��0|��K��{�}u�0}�«±�s}�®K�5t�ã+�u�5È � ®K� J�u�~���0«��0} ¶ }����9�h®K�0�s�0} ¶ }��0}�®0�

[ba1(k1), b
+
a2

(k2)] = (2π)d−12ωkδ
d−1(k1 − k2)Cψa

d+1
1 δ(a1 − a2),

´ �uÚF¹
¶ � | ωk =

√
k2 +m2

t
Ù ±+�s�-�Iñ ´ � ¸d�0} ¶ }� J�u���±{h�uªu�0¬|��K����®K}ÙË<|~�0�s���

p
Ä � � �0�0|~���9���&{�|�}��0�s���0}h®K��� ¹��0}�Ä�~«u��Ï<|~�0�

p
Ä � � �0�0|��~��}��l{�|�}��0�0���0}h®K�5È-«Ð��}��s{u|~����{u|�|�|<�~«u�����
�Á�K�u�~�� `}u{��s|~�0�0¬ `�� `�0}�Ä¶ }� J�u���±{h�uªu�0¬ `�
 `|�{u} � �u `�5ÈO«��K�u��{��0}u��{����K���~�~ J�h{��0�0«��u|�{u�Ó�
�0�0| � ®@}ØËR|~�s�0}�|R�u«�{�}��0}u 

p
Ä � � �0�0|��~��}�|z«�|~�s«�®@|�{��0�0|�}�ª��K�h��}�«F���0�0|ut© |����Ù®KÂÙ{h�h{�¬ ®@Û\ª�¬½¡��z�s�~�0�0|~���0��¡��s�~ `|~�0|��0�0��«���| ¶ � �¼«�¬�K��Ëk��ÛÍ{��Ó��«#{�|~�s `�0�K�h¡
ß1$
à&(�0Ê%&$�'�ì`%&áxò�,y(�.�-P'@t Ê �0}u�0� ¡F} � �s{o��{�}�¡�}u{Ø�
ª�¬Q�s}u{�}� ý�uÈ.��{�}�®@ÛÍª�}�|��s�� `|��0�s{u|�®@Â��s}�|
����{u�0}��0��{�«�}#}�ªh®-� � �u|�{���}��0|��0�0}���{u}��0�0}���{�Â�ÛÁÈ½�0�s| � |Þ®���}u{u}��0}��P}��0�0| � |�®K�s|�{u�Ó���s�0�0��Ä�0�0�0}� ��0|�}��0�0| � |�®K|~�0�0}u��{���E�|��s��|��0ª�|�� ¶ �stFE�|�}� `|�{u�0�s�
�0�Ð���u `¬½¡f J�h®@¬½¡.ÈO�9®-�u�0��}�«����0��¡
 J�u�"�Á{h�uªF�h¡.È ¶ � | ���9Ï±|~��{�«�|��0�0¬ �0«F���s{�}�«u¬| ¶ �K�u«u�s{h�u�0�0}u�0�0¬|��~�z�z|~�s{u¬ó� w�w
�DÈ+�K�u "�0|
�s��«�|���{u�K�st ß ��Ï<|���{u«u��|�{d�9ª�|�Ë � |��0�0|�ÈO�s{u} ¶ |~}u `|�{��s�s����®-�u�s�9}u«��~�0�9¡l J�u���±{h�uªu}�« � }�®KËkÄ�K��ªu¬ {�ÂP�s|��u��¡��0 `| � }�«�}��5È «�}��� `}ØËÖ�s}oy p ÄÅ� � �0�s|~�~��}�������Ú	� t Ê }��Þ®@| � �0|~|��0�0} � �0��{�}�«F�ÙÄ�0}#�������0�s��{�}¤�~��{�|�{u�0�0|��~�0�0 `�"��}�}�ª��K�hËR|~�0���0 `�5È½{h�������K�h®@�s�0�0|~ ç®@�z�<Â � «u�F¡�«�}���Ä `}ÙË��0¬½¡%�0}u�0}�®@�0|��0�0�l�s}�®K�d«�|�Ï±|~��{u«�|~�s�0¬½¡
�0�s�~|�® ´ �~} ¶ ®-�u�~�s}Ö{�|�}��0|~ `|Rº°��{��0}u«��~��} ¶ }�¹�Ã
R

|·|← Q
|·|p→ Qp

t+Æ½�~|Æ��{�}0Èý�f{h�u�sËR| �F� � �s|��~�Ø®@ÂØ{h��{u}�«�{�|~}u�0�0�#��{u�s�9�5È � |�®@�u|�{��0|�}�ª�¡F}�Ä
� �0 `¬ "�0�~�Þ®@| � }�«F�u�0�s| p Ä � � �0�0|��~�0��¡!�0«F���s{�}�«u}��0}�®@|�«�¬½¡� `} � |Þ®@|~���OÈ+«l�K����{��s}���{u�5Èý��¡�~«�}��s��{�«��~«u���Ø�u�s�0¬½¡d�Á J�u���±{h�uªu�0¬ ��0�0|~}uª��K���~}�«F�u�0�s|~ t Ê }���®@| � �0|�|±�0|��0}��~�s| � ��{�«�|��0�0}�~«u���Ø�u�0}±�

p
ÄÅ� � �0�s|~�~�s�0 #«�|~�0«h®@|�{hÄÅ�0�0|�}�ª��K�h��}�«F���0�0|~ È��0�0| � ®@}ØËR|~�s�0¬ ¼«±�K�uª�}u{h�Ù¡Ð��«u{�}�Ä�K�o�âw0È@Ú�� t

³ �u�s}� `�0�0 d}��~�0}u«��0¬|X�~«�}��s��{�«��
p
ÄÅ� � �0�s|~�~�s��¡Á�0�0�~|Þ®Gt Ê �u��{uÂ p 6= 1

y°�0�s}���{u}�|Î�s�0��®@}st
� ÛÍª�}�|%«�|�Ï±|~��{�«�|��0�0}�|
�0�s��®@}

x ∈ Q
ÈX}u{�®@�0�0�s}�|l}u{!�s�Ø®K�5ÈJ `}ØËR|�{!ª�¬ {�Â!} � �0}u���0�Ù�s�0}�0�0| � ��{h�u«�®K|~�0}Ð«k«�� � |
x =

m

n
pγ,

´ à�qF¹
¶ � | m �

n
y��s|�®@¬|z�0�0�Þ®-�R�0| � |Þ®K�sÏ±�0|~�Ó�d�K� p 6= 1 : γ y��s|�®@}�|°�s�0��®@}st Ê �0| � ��{h�u«�®@|��0�0|´ à�qF¹½�s}u��«�}h®K�0|�{�}u�0�0| � |�®@�s{uÂÐ«k�0}�®@| Q

�s}��0 ý�

|x|p =
∣∣∣m
n
pγ
∣∣∣
p

def
= p−γ, |0|p

def
= 0,

´ àsrÙ¹
}u{�®@�0�0����ÛQ}�{R��{h�u� � �u�s{u�0}��%�0}��0 `¬ | · | t ² ® ¶ |�ª��K�u�0�s|~�~��}�|°���u `¬�9�u�0�0|°�0}h®K� Q

}u{u�0}��~�9Ä
{�|�®KÂ��0}��0}��0 `¬ | · |p |~��{uÂÖ�0}h®@| p Ä � � �0�0|��~�0��¡ �0�0�~|Þ® Qp t



xuÚ

� ÛÍª�}�|
p
ÄÅ� � �0�0|��~��}�|z�0�0�Þ®@}� `}ÙË<|�{�ª�¬ {�Â�} � �0}u�~�K�Ø�0�0}��0�0| � ��{h�u«�®K|~�0}Ð«k«�� � |z��� � �

x = pν
∞∑

k=0

akp
k, 0 ≤ ak < p, ν ∈ Z.

´ àFx�¹

ß ®@}ØËR|~�0�s|!���9 `�0}ØËR|��0�0|
p
Ä � � �0�0|��~�0��¡��0�s�~|�®Q}�����Ï<|���{u«�®K�0ÛV{��Ó�"�0}¼}�ª�¬�0�s¬ µ�0�K�hÄ

«���®-�u ç��®K}ÙË<|~�0�s���&�9 `�0}ØËR|��0�s���0}�®@�s�0}� `}�«0ÈÎ{h�u�0�0 çËR|
}�ª��K�h��}�  }��0�s| � |Þ®K�0ÛV{��Ó����u�K�h®@��{��0�0|��~�0�s|%�°�9�0�0�s�0�
p
Ä � � �0�0|~����} ¶ }��u� ¶ �9 `|~�s{h��t � ÛÍª�}�|Ö�0�u�0�0}��0�h®@Â��0}u|uÈý«l�0�u��{hÄ�0}���{u�5È°}u{u�0�0�K��{u|�®@Âu�0}�|P�s�0��®@}� `}ØËR|�{�ªu¬ {�Â��0�0| � ��{h�u«�®K|~�0}�«�«u� � |#�F� � � ´ à�x�¹�È\{h���

−1 = (p− 1) + (p− 1)p+ (p− 1)p2 + . . . .
p
Ä ² � �0�0|��~�9���
�0}u�0 J� ´ à�rÙ¹ �s«�®K�0|�{��Ó�
ªu}�®@|~|±�~��®@Âu�0}��
�0|� ���{h�u� � ���s{��K�h���0}��0 J� | · | tÆ½ `|~��{�}��0|~�0�u«�|~�s��{�«���{u�0|�� ¶ }h®@Â��0�0�9�sÈz«&�Þ®K�9�K�u|
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∏

p∈prime

χp(ωt− kx).
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Qp →Qnp , x→ (x1, . . . , xn), ξ → (ξ1, . . . , ξn), ξx→ (ξ, x) =
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i

ξixi.
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ÄÅ� � �0�0|��~�0�s `���0|Þ®@¬ `�
x ∈ Zp

t�¿±|~�0��{�«��s{u|�®@Âu�0}0È9�s����{�Â<�0 `|�|�{u�Ó�Ö�0�s}��0|~���\�z�K� ¶  `|~�s{h���0�0�Ö}uªu»G|~�s{h��| � �s�0�0�0�0}u�

A C

B

A’ B’

C’

1 3

2

01 02

03

00

© �s�ut-w0Ã © ���~ª��0|��0�0|
d
Ä  `|~�0�0} ¶ }��~�0 `��®K|~����� ´

d = 2
¹ �0� ´

d + 2
¹�0�u«��0¬½¡d�K�u��{�|��5t5º\{u}ÙËkÄ

� |~��{�«�®@|��0�0|k«�|��z�<�0� A = B = C
�
�~��®K|~�0«F���0�0|k�0|~ªu|~�
}�ª�|��~�0|��0�0«F��|�{ ¶ }� `|�}� `}��0�z�0}u|

}u{�}�ªu�K��ËR|��0�0|z�~�0 `�9®@|~�������K�k�~�z|~�s�
S2 t

 `|~�0¬ �K�
p
ÄÅ�K����{�|��5ÈI�0|��s�9�0�~�0«u�0}f�0}u«u{�}��F�s|~ `¬�!�k�9��Ë � }����s���K�u��{�|��5tGã+} ¶ � �$��}�}�� � ��Ä�K��{h�

x =
∑N−1

k=0 akp
k } � �0}����K�Ø�0�0}f}��0�0| � |�®K�s|�{l®@ÛÍª�}������0� ¶  `|��s{
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〈a, b;ψ|f〉Qp = c
−1/2
ψ

∫

Qp

ψ

(
x− b
a

)
f(x)dx
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f(x) = c
−1/2
ψ

∫

Q∗

p×Qp

1

a
ψ

(
x− b
a

)
〈a, b;ψ|f〉Qp
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{��0�K�Ð}�{ � ®@�s�0¬"���0� ¶  `|��s{h�st@¿�®K�f�9��Ë � } ¶ }��s�<�0|�{�¬�0|Þ¡��s�9��®@|�}u{�� � }�« z = A, T, C,G�0�s{�| ¶ �K�Ù®@Â��K���d `|~�0���0 `|�|�{�«�� �

µz(s) =

∫ s

0

Xz(l, ω)dP (ω)dl ≡
∫ s

0

dµz, Xz(l, ω) =

{
1

|~�Þ®@�
ω = z

0
�0�K�Ø�0| .
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log |Wg(a, x)[µz]|

}u{
log a � ®K�%�9��Ë � }��$�s�� `|~� µA, µT , µC , µG }u���K�Ø�K��|�{���{�|��0|~�s�s�9Û �Ø��«��0�~�s `}���{uÂ

Wg ∼ ah+ 1
2 ,

�s{�}V�~}�}�{�«�|�{���{u«u��|�{°�~��|���®@�0� ¶ }�«�}� ý�z�s}�«�| � |~�0�0Û# `|�� µ(x)−µ(x0) ∝ |x−x0|h.
Ò �0�Ù�s|~�0�s�

�0}��9���Ø�h{�|�®0� � �0�z�±�0�K�hÄCE�|�®KÂ � |~�0� h È`«�¬�0�0�Þ®@|~�s�0¬| � ®K���0}u��®@| � }�«F��{u|�®@Âu�0}���{u|~�¼¿ ³ ��0�s{h�u�0����} ¶ }k¡F}� ý�s�0�9�sÈ@�~} ¶ ®-���~�0}9� r~w
�G�~}���{h�u«���®K�5Ã

hA hT hC hGqstÇà�q qstâwF× qstvàuq qst��u×
³ ��� � |~�s�0¬|f���0�Ù�s|~�0�s� � }���{h�h{�}��0�s}�ª�®@�s�~�0�&���0}��9������{�|Þ®@Û � �0�z�±�0�K�hÄCE�|Þ®@Â � |��K� � ®K�ª��0}u�9�0}�«u�~��} ¶ } � «��sË<|~�0�s� (h = 1

2
)
y#�0�0��{�}o�Þ®K�9�K�u�0�s} ¶ }o�s�0}��0|��~����ÈJyo�0}!�0|%{�}ØË � |�Ä��{�«u|~�0�0¬Z|� ý��tRDÎ{�}�ªu¬½®@}P�0} � {u«�|~�FË � |~�s}�«¼�0�uª�}u{u|Ñ� rØ×��DÈ ¶ � |!�0�s}�«�| � |~�0}����K�u«��s|~�0�0|�9}u�0�0|�®0�0�0�0�d«�|~�s«�®@|�{���} �~�z�z�0�0�s|~�s{u}�«0È@«�¬�0�0�Þ®@|~�s�0¬½¡d�K���0����®@�s�0�0¬½¡% J�u���±{h�uªF�Ù¡

R(a1, a2, b1 − b2) = 〈Wg(a1, b1)Wg(a2, b2)〉,
´ à�ÜF¹

� ®K�o�s}���®@| � }�«F�h{�|�®KÂ��0}���{�|~�o¿ ³ � �s�z�<|��0�0}����K�Ù®@}��0�0���!��®K�9�K�u�s�0}����0}��Þ®@| � }�«F��{u|�®@Â�Ä�0}���{u�%{h���9}u�%ËR| � ®@�0�0¬°t��°�0}u `|a{�} ¶ }0È0«��s���F�h®KÂ��0¬�l���K�h®@�s�z�s«�|�{u}�«�¬½¡$�9�u�s{��uªu�~}�®@ÛV{�Ä�0¬½¡l�~�K�Ø�0|~�0�s��«u|~�0«�®K|�{�Ä ��} �~�z�z�0�0�0|��s{�}u«0ÈG«�¬�0�0�Þ®@|~�0�s¬½¡ � ®K�
�s|~�0«��s�0�0}�����{u�s�9�s{u�9�0¬�K����®K�0�0�0¬½¡��0}��Þ®@| � }�«F��{u|�®@Â��s}���{u|~� �9���h��¬«F�u|�{<�K�z�K�h®K�0�0�0|Í�0|~�K���F¡��0�s|~�~�s��¡Ð��{��s�9�s{��9�5t
DÎ{�}±«u�0|~�0«u¬|\ª�¬½®@}��9���h�Ø�u�0}Á«Á�0�uª�}u{u|Õ� wF×	�@�5È��0|��Ø�u«u�0�~�0 `}sÈ�«��K�uª�}�{�|Í�u«u{�}u�K��� r�w	�Dt Ê �0|�Ä
�0 ý��Ï<|~��{�«�}u ��u«u{u}��0���9} ¶ } �0} � ¡�} � �$ªu¬½®@}Ö{�}sÈ5�s{�} �s�~�0}�®KÂu��}�«��u�0�0|<�s|�{�¬�s|�¡��0|��Ø�u«u�0�~��Ä `¬½¡���®K�9�K�u�s�0¬½¡o `|��5ÈG«� `|~��{�} � «u�F¡9���K�Ø�0�0} ¶ }l}u{u}�ª��K�hËR|~�0�����Å�s�9�0�0� ´ rÙ¹ÅÄV�s�0�0�0 `� � �0�´ Ä rØ¹C�\�0|z�0�0�0«�} � ��{Ö�%«�¬�0}ØË � |~�0�sÛ� `|�Ë � � �K����®@�0�0�0¬ `�d�s�9��®@|�}u{�� � �u `�5tºa�0�s���u�0�0���!�0�uª�}u{h�%��{��s ý�Ù®K�0�0}�«F�Ù®-� � �h®KÂ��0|~���<|~|��0�0�0 `|��0|~�s�0|Ð `|�{u} � }�«f«u|~�0«�®K|�{�Ä�u�K�h®@���Ø�l�o ý�Ø®@ÂØ{��s���0�u�s{h�h®@Âu�0} ¶ }��u�K�Ù®@�s�Ø�l���s�~��®K| � }�«��u�0�0Û �0|��0«��0�s�0}�����{u�s�9�s{u�9�0¬
¿ ³ �ö�K����®K�0�0�0¬½¡�}�� ¶ ���0�s�� `}u«0t Æ �0�uª�}u{u|¤� rØ×	�zªu¬½®@��«u¬�0�0��®K|~�0¬ ��}��0�s|�®K�s�0�0}��0�s¬|
�z�9�0�s�0�0� ´ à�Ü�¹ � ®K�#�0}u��®@| � }�«F��{u|�®@Âu�0}���{u|~�öw÷<ø{ù�úüû`�#�Þ®K�9�K�u�0�0}u���s}���®@| � }�«F�h{�|�®KÂ��0}���{��{h�u��}��fËR| � ®@�0�s¬°t ³ �h®@�s�0�0|Á�$|���{u|~��{u«�|~�s�0}����0}���®K| � }�«���{�|Þ®@Â��0}���{��
��}��0�s|�®K�s�0�0�
 `|�ËkÄ
� ��ª�}�®@Â
�±�0 é�� `|��0Â
�<�s ç J���"�±{h��ªF�u `���9�9����¬«F��|�{��K��{�}0ÈX�s{�}��s�0��� ��} � �0�s}�«F�u�0�s���
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© �s�ut��9Ã 8 «�|�{u}�«F�����9�u�s{h� ´·¶ �K� � �u�s�0�Q�~|��0} ¶ }F¹ g1
«�|~�0«h®@|�{hÄÅ��} �~�z�z�0�0�s|~�s{u}�« � ®K�Î�$Ä

�~| ¶  `|~�s{h� ©J³ � ¶ |��K�P¡��u��{h�u«��0�s�u����¿<}uª��K�u«F��t ³ }� `|~�Q�s}���®@| � }�«F�h{�|�®KÂ��0}���{�� ´<ý |��!tû¹
��t ÃÇ×�ÚFÕuquà�à�Úst ³ ���0�0�����s�9|f�0}��9���Ø���P�9�K�u��{u}�� � ®K�0�0}���rØqFx�w��0�P�%�K�Ø�K�h®@���z�K� ¶  `|~�s{h�st
���hË � ¬����®@}uÛ±È9�~}�}u{u«�|�{u��{u«u��|�{����� `|~�s|~�0�0ÛQ J���"�±{h��ªF�±«±«u|~�s{u�0�9�h®@Â��0}u ��0�u�0�K�u«h®@|~�0�s�«
a = 21/4 �K����t © �0���9�0}��f���Á `}u�0} ¶ �0�u�z�0�§� r�r�� t

�9}
�~�z�z�0�0�0|��s{�}�«¼ `|~�0Â	�<| ¶ }¼ J���"�±{h��ªF���9�u��ª�¬ �9�0�s{�¬«��uÛÍ{u�Ó����ËR|
�s��«u|~��{u�0¬|��~�K�hÄ
�0|~�0������} ���z���s�0�0|~��{�}�«lªu}�®@Â
�±| ¶ }% J�u���±{h�uªF� ´ ���5t~� ª�}h®@Â
�<�s� � |��0��{u«u��|�{
�0|��0«�¬  �k�K���{��OtKxuÜF¹ÞtsÆÎ�~|J��{�} � }���{h��{�}u�0�0}<¡F}��s}
�<}R��} ¶ ®-�u����|�{u�Ó�f� ¶ �0�s}u{�|���}��dºa�0}<}±{u}� Ès��{�}R��}���Ä�0|�®K�s�0�0�d `|�Ë � � � � �h®@|��0�0¬ `�f�0�u��{Ø�s `�l�0}��Þ®@| � }u«F��{�|Þ®@Â��0}u��{�|��5ÈO}uªu»I�0���s�0ÛV{��Ó�d}�ªuÏ<�s �0�0}��0� ¡�}ØË � |��0�0|� ���{���¡<�K�u��{u|~�k�s�} � �s} ¶ }a�<{u} ¶ }ÍËR|½�z�K� ¶  `|~�s{h�°�0�s|�ÄD¿ ³ �RÈ�����Ï<|~��{�«�}hÄ«F�u«
�±|~�%�K�R�K�u�0�0|� X��{h�u�0|±ªu�0}�®@} ¶ �0�0|��~��}�����«�}�®@ÛÍ�0�0���Ç×�Õ9ÈKwFà	�Dt

Æ ���Ø�0|���{u«�|l�0�0�9®@}ØËR|~�0�s�&«�|~�0«h®@|�{u}�«o�P}uª��K�uª�}�{���|����9���0|~�s�0 `|~�s{h�Ù®@Â��0¬½¡ � ���0�0¬½¡« � �0�~��|~�s{h�u�s�0���K�u���~ J��{u�0�0«F��|�{��Ó�P `|�{u} � �K��� � |�®@|��0�s� ¶ �����~��}�«�¬½¡��0�s�9}u«��$�0}� `}�Ï<Â�Û�0|~�0�s|~�0¬«��s} ¶ }#«�|��0«�®@|�{�ÄÅ�s�0|~}�ªu�K����}u«F�u�0�s�Ot ¸d|�{�} � }u�~�0}�«��u���K�o«�¬�s�0��®@|��0�0��«�|~�s«�®@|�{�0�0|~}uª��K���~}�«F�u�0���$}u{��z�9�0�s�0�0�

f(x) =
M∑

k=1

Nk exp

(
−(x− xk)2

2σ2
k

) ´ à�ÚF¹

rÖ�0���0}�®@Âu�~}�«F�u�s�0|~ Q��|~ `|~�s��{�«��lªF�����s�~�0¬½¡!«�|~�s«�®@|�{u}�«
gn(x) = dn

dxn
exp(−x2/2)

t © |"�<|ÞÄ
�0�0|
�0}�®0���0�uÛÍÏ±|~�0�Ó���~�0��{�|� `¬ ���0�u«��0|��0�0���0}u��«u}�®K�0|�{#�0}#��} �~�z�z�0�0�0|��s{h�u µ«u|~�0«�®K|�{�Ä
�K����®K}ÙË<|~�0�s�

Wgn[f ]
�K�u��{�� �K���K�u `|�{u�0¬&�0� ¡�} � �0¬½¡ ¶ �������~�K���0}�« ´ Nk, xk, σk

¹Þt�Æ��K�u��{��0}�Ä
��{��OÈ � ®K�$«�|~�s«�®@|�{h� g2

 J�u���~�s J�h®@Â��0}u|z�~�K�Ø�0|~�s�0|±«�|��0«�®@|�{�Ä �9}
�~�z�z�0�0�0|��s{�}�«

Wg2(a, b)[fgauss] = Na

(
a

a2 + σ2

)3/2 [
1− b2

a2 + σ2

]
exp

(
− b2

2(a2 + σ2)

) ´ ÕuqF¹



×uw

� }���{u� ¶ �u|�{��Ó�
�K�R J�u���±{h�uªu| am =
√

5σ
ÈK�$�K��«��0}

Wg2(am, 0)[fgauss] =
N√
σ

55/46−3/2 =
N√
am

(
5

6

)3/2

.
´ Õ�rÙ¹

¿<�u�s�0¬�� `|�{�} � ª�¬½®��0�0�0 `|��0|~���0�0�����Ù®@�0ª��0}u«���|���®@�u��{u�0��}�«�¬½¡��~�0�0��{���®K��{�}��s}�««Æ�~���~�s|~�0�0 `|��s{�| ý ô����<È � �h®@|�|<�0}�®K�9�0�9®��K����«u�s{��0|R«Ö�K�uª�}u{u|Æ�Í�uÜ	�DÈ.�s�~�0}�®KÂu��}�«��h®@�Ó�
«�}
«��0|~ ý�s�0�0}�®K|�{��s¬½¡#�~���~�0|��0�0 `|��s{h�h¡.È��s}�®K�9�0��®Ö�0�0�0 `|��0|~�s�0| «°�0�0�0��®@� � �0}� ��0�0} ¶ �K�u `�s}� }�ª�|~���0|~�s|~�0�0� � ®K�d�u�K�Ù®@�s�Ø� ¶ |Þ®@Â�Äv��®@|��s{��0}u��}u�0|��~�0¬½¡l����}�ª��0��ËR|~�s�0�5tÆ�þ �s¤x±�ÿ  � ®x¬x¬ �0�s�0«�| � |~�0¬�}u�~�0}�«u�0¬|Á�s|��~�Ø®@ÂØ{h��{u¬Q«�¬�0}����0 `¬|��K�k����Ï<��{u��t© �uª�}u{h�R{h�u�sË<|°�~} � |~�FË��s{�� � ¬ ±8����� ®x¬ � È ¶ � |°�0�s�0«�| � |~�0¬��s|~��}u{�}u�0¬| � |�{h�h®@�%«�¬½Ä�0�0��®K|~�0�0�Ot

� ����"�����m �  
�fj�	������k�f��m � �!m ��f� m
Æ��K�u��{u}Ø�sÏ<|��P�K��ª�}u{�| �0����«���{h�
{u|~}��s�s�� `�0} ¶ }u J�u�"�Á{h�uª��0¬½¡��Þ®K�9�K�u�0�0¬½¡��0�0}��0|��~��}�«��
}��0|~�0��{�}��s�0}u���0�Ù�s�0¬½¡¼�z�9�0�s�0�0�P�0��}u�~�0}�«u|%�s|~�0�0|��0¬«��0} ¶ }!«u|~�0«�®K|�{�Ä �0�0|�}�ª��K���~}�«F�u�s�s�5t
Ê }h®K�9�0|~�0�s¬|
�0|����Ù®KÂÙ{h�h{�¬  `} ¶ ��{#ª�¬ {�Â#�0�0�s `|~�0|��0¬î�&�0����®@�s�0�0¬  �Ø� � �Ø�K��  {u|~}��s�0�
�0}�®K�OÈO��{h�h{��0��{��0�0|��~��}����z�s�~�0�0�5ÈIª��s}�®@} ¶ �0�5È ¶ |~}��z�s�~�0�0�5È5«Ð��� � �Ø�K�h¡
�������0�0����®@���� `¬°È«k{u}� P�s�0��®@|�«k�0�~�Þ®@| � }�«F�u�0����¡%�~}h®@�0|~�s�0} ¶ }�«�|�{u�K�k«�}u�9}h®@}u��|� `�0}� ��s�0}���{u�K�u�0��{�«�|�tºa���0}�«��0¬|��0|��~�Ø®@ÂØ{h��{�¬ � �0�~��|~�s{h�u�s�0�
�~}���{�}Ø�s{�«k��®@| � �9ÛÍÏ±|~ Ã
r�t ³ ��}����0}�«�|z�0|��0�0|��0¬«��0} ¶ }Ð«�|��0«�®@|�{�ÄÅ�s�0|~}�ªu�K����}u«F�u�0�s�d�~�z}��s ý�Ù®K�0�0}�«F���K����}��s�0|~��Ä
�0�s�& `�s} ¶ }� J���"�±{h��ª��0¬½¡��Þ®K�9�K�u�0�0¬½¡&�0�0}��0|��~��}�«#�����&��®K�9�K�u�s�0¬½¡��°�9�0�0�0�0���K�
�u�z�z�0�0�0}�� ¶ �����s�0| �âàsÈ`wFÚ	�Dt © ���~�K�uª�}u{h�����s{�|��K�u�0�s}��0�0¬�����0}���}�ª!�0|��<|��0�s�&��{�}�Ä
¡��u��{��0�s|~�~�s��¡ � �0�z�z|~�0|��0�0�K�h®KÂ��0¬½¡ �9�K�u«u�0|~�0�s�5ÈK«<{�}� ��0�0�Þ®@|°�~} � |��FËk��Ï<�9¡$ `�0}�Ä¶ }� J���"�±{h��ª��0¬|R��®0���0�u�0�0¬|R�0�s}��0|~���~¬°ÈI}����0}�«F���0�0¬�l�K���0|~�0�s|~�0¬«��s}� �«u|~�0«�®K|�{�Ä
�0�0|�}�ª��K���~}�«F�u�s�0�5t�DÎ{�}u{<�~�0}���}�ª±�s�0�0 `|~�s|~�Ð���0|"�±|~�0�0Û����0�u«��0|��0�s� � �u��ËR|~«�|��K�Á�
| ¶ }R�K�u��{u�0} ¶ }��Þ®K�9�K���OÈ��9�K�u«��s|~�0�s���z�u� � ���K�hÄ Ê �u�s�s����Ä Ò �u� ¶ �sÈ9}��0�s�~¬«F�uÛVÏ<| ¶ } � ��Ä�K�u `�0��� ¶ �K�u�0�0�s¬��0��� � |Þ®-�<�����°«<�a®K�9�s{��9�0�s�9ÛÍÏ±|~�f���0| � |utKÆ½¬�s�0��®@|��K�R�0}��0�0�u«�Ä�9�a�R�9}
�~�z�z�0�0�0|��s{u�R�s}�«�|~��¡��0}���{��0} ¶ }��K��{Ø�sË<|~�0�s�OÈu«�}����0�0�9�uÛVÏR���k�s�0� � |~�s��{�«u�0� J�u�"�Á{h�uª��0}��Ø�u«��s�~�0 `}��d��®K�9�K���0�0}��d�~��®@¬��âw�Ú	� t

x�t Ê }��9���Ø�u�s}0ÈI�s{�} � «F�$�K����®K�0�0�0¬½¡! `�0} ¶ }� J�u�"�Á{h�uª��0¬½¡!��®0���0�u�0�0¬½¡!�0�0}��s|~�~�~�sÈG�0}�Ä��®@|°}uª��K��{u�0} ¶ }R«u|~�0«�®K|�{�Ä �0�0|�}�ª��K���~}�«F�u�s�s�$ `} ¶ ��{��0 `|�{�Âk�~}�«u�K� � �uÛVÏ<�0|°}uª��K���~¬�«�0�0}���{��K���0��{u«�|��s�0}��0|��~�~}u«%«�{�}��0} ¶ }$�0}��F� � ����t-¿<�u�0�0}�|±�~«�}��s��{�«u}%�s�0�0 `|~�s|~�0} � ®K��0}���{��0}�|��0�s�� `�0} ¶ }� J�u���±{h�uª��s}��±�0�s}��0| � ���s¬o��{u}Ø¡F�u��{u�0�0|��~��} ¶ }°�s«F�u�s{u}�«F�u�0���5t Ê }�Ä�9���Ø�u�s}0ÈI�s{�}%�0���0}�®@Âu�~}�«F�u�s�0|k `�0} ¶ }u J�u�"�Á{h�uª��0¬½¡���®0���0�u�0�0¬½¡��0�0}u�0|~���~}�«%«$�0�0}�Ä
�0| � ���s|
��{�}�¡F�u��{u�0�0|~����} ¶ }&�0«��u�s{�}u«F�u�0�s�OÈ � ®0�&}��0�0| � |�®K|~�0�0} ¶ }�«�� � �o�Þ®K�9�K�u�0�0}u��~��®K¬°È-}uª�|~���0|~�0�s«F�u|�{��0| ¶ �Ø®K�0�s�s�Ø�u�s�0Û�{u|~}��s�0���ÇÕ�ÈKwFÚ9È)��x��Dt
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