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Ìîäåëè àëãîðèòìîâ

Â òðèäöàòûõ ãîäàõ ïðîøëîãî ñòîëåòèÿ áûëî ôîðìàëèçîâàíî

ïîíÿòèå àëãîðèòìà. Íàèáîëåå èçâåñòíà ôîðìàëèçàöèÿ Àëàíà

Òüþðèíãà � ÌÀØÈÍÀ ÒÜÞÐÈÍÃÀ

Â íàñòîÿùåå âðåìÿ èçâåñòíû è èñïîëüçóþòñÿ ðàçëè÷íûå

ôîðìàëèçàöèè ìîäåëåé àëãîðèòìîâ, êîòîðûå îòëè÷àþòñÿ

ýëåìåíòàðíûìè îïåðàöèÿìè

ïðàâèëàìè èõ êîìáèíàöèé äðóã ñ äðóãîì
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Ñõåìû èç ôóíêöèîíàëüíûõ ýëåìåíòîâ

Ñõåìû èç ôóíêöèîíàëüíûõ ýëåìåíòîâ íàèáîëåå ðàñïðîñòðàíåííàÿ

ìîäåëü àëãîðèòìîâ, îðèåíòèðîâàííûõ íà ðåàëèçàöèè áóëåâûõ

ôóíêöèé.

f (x1, . . . , xn)

f : {0,1}n → {0,1}
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Êëàññè÷åñêèå ñõåìû èç ôóíêöèîíàëüíûõ ýëåìåíòîâ.

Ñòàíäàðòíûé áàçèñ

One bit: f (x) = ¬x ,

Two bit:
∨

(x , y) = x ∨ y ,

x y
∨

(x , y)

0 0 0
0 1 1
1 0 1
1 1 1

∧
(x , y) = x ∧ y ,

x y
∧

(x , y)

0 0 0
0 1 0
1 0 0
1 1 1
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Êëàññè÷åñêèå ñõåìû èç ôóíêöèîíàëüíûõ ýëåìåíòîâ.

Ñòàíäàðòíûé áàçèñ
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�Êëàññè÷åñêèå� Êëàññû ñëîæíîñòè

P � êëàññ ôóíêöèé, âû÷èñëèìûõ ñõåìàìè èç ôóíêöèîíàëüíûõ

ýëåìåíòîâ ïîëèíîìèàëüíîé ñëîæíîñòè (ñ ïîëèíîìèàëüíûì

÷èñëîì áàçèñíûõ ýëåìåíòîâ).

NP � êëàññ ôóíêöèé, âû÷èñëèìûõ íåäåòåðìèíèðîâàííûìè

ñõåìàìè èç ôóíêöèîíàëüíûõ ýëåìåíòîâ ïîëèíîìèàëüíîé

ñëîæíîñòè.

P ⊆ NP, P 6= NP ?

NC1 � êëàññ ôóíêöèé, âû÷èñëèìûõ ñõåìàìè èç

ôóíêöèîíàëüíûõ ýëåìåíòîâ ïîëèíîìèàëüíîé ñëîæíîñòè

ëîãàðèôìè÷åñêîé ãëóáèíû

NC1 ⊆ P ⊆ NP, NC1 6= NP ?
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Êâàíòîâûå ñõåìû èç ôóíêöèîíàëüíûõ ýëåìåíòîâ.

Ñòàíäàðòíûé áàçèñ

One qubit:

H = 1√
2

(
1 1
1 −1

)
; S =

(
1 0
0 i

)
; T = π/8 =

(
1 0
0 eiπ/4

)
;

Two qubit:

CNOT =




1 0 0 0
0 1 0 0
0 0 0 1
0 0 1 0


 .
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Ñòàíäàðòíûé áàçèñ
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�Êâàíòîâûå� Êëàññû ñëîæíîñòè

BQP � êëàññ ôóíêöèé, âû÷èñëèìûõ êâàíòîâûìè ñõåìàìè èç

ôóíêöèîíàëüíûõ ýëåìåíòîâ ïîëèíîìèàëüíîé ñëîæíîñòè (ñ

ïîëèíîìèàëüíûì ÷èñëîì áàçèñíûõ ýëåìåíòîâ).

Ôàêòîðèçàöèÿ ÷èñëà � â êëàññå BQP (P. Shor).

P ⊆ BQP, NP ⊆ BQP???
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Äåòåðìèíèðîâàííûå Âåòâÿùèåñÿ Ïðîãðàììû

�Ïðîãðàììèñòñêèé� ïîäõîä ê îïèñàíèþ àëãîðèòìîâ (äëÿ

âû÷èñëåíèÿ áóëåâûõ ôóíêöèé):

Ñëåäóþùàÿ îïåðàöèÿ ÿâëÿåòñÿ ïîëíîé:

O: if xi = 1 then go to O1 else go to O2

Îíà ÿâëÿåòñÿ îñíîâîé äëÿ ìîäåëè Âåòâÿùèõñÿ Ïðîãðàìì.

Äëÿ ïðîèçâîëüíîé áóëåâîé ôóíêöèè ìîæíî ïîñòðîèòü ïðîãðàììó,

ñîñòîÿùóþ èç îïåðàöèé òàêîãî òèïà.
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ðàçáèòû íà óðîâíè V1, . . . ,V`
è óðîâåíü V`+1 òàêèå, ÷òî

2 âåðøèíû óðîâíÿ V`+1
ÿâëÿþòñÿ êîíå÷íûìè

âåðøèíàìè,

3 èñõîäÿùèå ðåáðà âåðøèí íà

óðîâíå Vj ïðè j ≤ ` âåäóò
òîëüêî ê âåðøèíàì íà óðîâíå

Vj+1,

4 âñå âåðøèíû îäíîãî óðîâíÿ

Vj ïîìå÷åíû îäíîé è òîé æå

ïåðåìåííîé xij .
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Ìåðû ñëîæíîñòè

Îïðåäåëåíèå

Ñëîæíîñòüþ Size(P) âåòâÿùåéñÿ ïðîãðàììû P íàçûâàåòñÿ ÷èñëî åå

âíóòðåííèõ âåðøèí (÷èñëî êîìàíä).

Îïðåäåëåíèå

Äëèíîé Length(P) âåòâÿùåéñÿ ïðîãðàììû P íàçûâàåòñÿ äëèíà

ìàêñèìàëüíîãî ïóòè îò íà÷àëüíîé âåðøèíû ê êîíå÷íîé (÷èñëî

øàãîâ âû÷èñëåíèÿ � âðåìÿ âû÷èñëåíèÿ).

Îïðåäåëåíèå

Øèðèíîé Width(P) âåòâÿùåéñÿ ïðîãðàììû P íàçûâàåòñÿ

ìàêñèìàëüíîå ÷èñëî âåðøèí íà óðîâíå.
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Ñõåìû èç ôóíêöèîíàëüíûõ ýëåìåíòîâ è âåòâÿùèåñÿ

ïðîãðàììû

NC1 � êëàññ ôóíêöèé, âû÷èñëèìûõ ñõåìàìè èç

ôóíêöèîíàëüíûõ ýëåìåíòîâ ïîëèíîìèàëüíîé ñëîæíîñòè

ëîãàðèôìè÷åñêîé ãëóáèíû

NC1 ⊆ P ⊆ NP, NC1 6= NP ?

P−BPconst � êëàññ ôóíêöèé, âû÷èñëèìûõ âåòâÿùèìèñÿ

ïðîãðàììàìè ïîëèíîìèàëüíîé ñëîæíîñòè è êîíñòàíòíîé

øèðèíû.

1989

P−BPconst =NC1.

NC1 ⊆ P ⊆ NP, P = NP?, NC1 = NP?
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ïðîãðàììàìè ïîëèíîìèàëüíîé ñëîæíîñòè è êîíñòàíòíîé

øèðèíû.

1989

P−BPconst =NC1.

NC1 ⊆ P ⊆ NP, P = NP?, NC1 = NP?
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OBDD
Óïîðÿäî÷åííûå áèíàðíûå äèàãðàììû ðåøåíèé

Îïðåäåëåíèå OBDD

Ordered Binary Decision Diagram �

ýòî âåòâÿùàÿñÿ ïðîãðàììà, â

êîòîðîé íà êàæäîì ïóòè îò

íà÷àëüíîé âåðøèíû äî êîíå÷íîé

âñå ïåðåìåííûå âñòðå÷àþòñÿ íå

áîëåå îäíîãî ðàçà, ïðè÷åì ñîãëàñíî

íåêîòîðîìó ôèêñèðîâàííîìó

ïîðÿäêó.

x1

x2 x2

1 0

Àáëàåâ (ÊÔÓ) Âåòâÿùèåñÿ ïðîãðàììû 16 / 30



Ïðèìåð OBDD

Âåòâÿùàÿñÿ ïðîãðàììà P

x1

x2 x2

1 0

Óðîâåíü 1

Óðîâåíü 2

Óðîâåíü 3

Size(P) = 3
Length(P) = 2
Width(P) = 2
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Êâàíòîâûå âåòâÿùèåñÿ ïðîãðàììû

M.Nakanishi, K.Hamaguchi, T.Kashiwabara (2000)

Ô. Àáëàåâ, A. Ãàéíóòäèíîâà, M.Karpinski (2001)

M.Sauerho�, D.Sieling, T. Hofmeister (2003)

A. Õàñüÿíîâ (2004)

C.Moore, C.Pollett (2003, 2005)

À. Âàñèëüåâ (2009, 2010, 2011)
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Êâàíòîâûå âåòâÿùèåñÿ ïðîãðàììû
Àëãåáðàè÷åñêîå ïðåäñòàâëåíèå

Êâàíòîâàÿ âåòâÿùàÿñÿ ïðîãðàììà Q íàä Hd � ýòî òðîéêà

Q =
(
|ψ0〉 ,T ,Accept

)
:

|ψ〉 ∈ Hd � ñîñòîÿíèÿ (íîðìèðîâàííûå âåêòîðà èç Hd ),

|ψ0〉 ∈ Hd � íà÷àëüíîå ñîñòîÿíèå;

T = (T1, . . . ,T`) åñòü ïîñëåäîâàòåëüíîñòü èíñòðóêöèé:
Tj = 〈xij ,Uj(0),Uj(1)〉 îïðåäåëÿåòñÿ ïåðåìåííîé xij ,

Uj(0) è Uj(1) � óíèòàðíûå ïðåîáðàçîâàíèÿ â Hd ;

j-ûé øàã: òåñòèðóåòñÿ ïåðåìåííàÿ xij è âûïîëíÿåòñÿ ïåðåõîä â

ñîñòîÿíèå |ψ′〉 = Uj(σij ) |ψ〉;
Accept ⊂ {1, . . . ,d} çàäàåò ïðèíèìàþùåå ìíîæåñòâî

|ψ0〉
U1(σi1

)
−→ . . . |ψ〉

Uj (σij
)

−→
∣∣ψ′
〉
. . .

U`(σi` )
−→ |ψ(σ)〉 −→

{ Accept

Reject
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Âû÷èñëåíèå ñ îãðàíè÷åííîé îøèáêîé

Ïóñòü |ψ(σ)〉 = (α1, . . . , αd ) � êîíå÷íîå ñîñòîÿíèå âû÷èñëåíèé íà

íàáîðå σ.

Praccept (σ) =
∑

i∈Accept
|αi |2

Prreject (σ) =
∑

i 6∈Accept
|αi |2

Âû÷èñëåíèå ñ îãðàíè÷åííîé îøèáêîé

Êâàíòîâàÿ âåòâÿùàÿñÿ ïðîãðàììà Q âû÷èñëÿåò áóëåâó

ôóíêöèþ f ñ îãðàíè÷åííîé îøèáêîé, åñëè ñóùåñòâóåò

ε ∈ (0,1/2) òàêîå, ÷òî äëÿ ëþáîãî âõîäíîãî íàáîðà σ
âåðîÿòíîñòü îøèáêè íå ïðåâîñõîäèò 1/2− ε, ò.å.

Pr [Q(σ) 6= f (σ)] ≤ 1
2
− ε.

εε

0 11/2
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Ñðàâíèòåëüíûå ñëîæíîñòíûå õàðàêòåðèñòèêè

êëàññè÷åñêèõ è êâàíòîâûõ âåòâÿùèõñÿ ïðîãðàìì

Øèðèíà width(Q) êâàíòîâîé âåòâÿùåéñÿ ïðîãðàììû Q
îïðåäåëÿåòñÿ êàê ðàçìåðíîñòü ïðîñòðàíñòâà ñîñòîÿíèé Hd .

Òåîðåìà (Àáëàåâ, Ãàéíóòäèíîâà, Êàðïèíñêè)

Ïóñòü P - ìèíèìàëüíàÿ äåòåðìèíèðîâàííàÿ OBDD, âû÷èñëÿþùàÿ

ôóíêöèþ f . Òîãäà äëÿ êâàíòîâîé OBDD Q, âû÷èñëÿþùåé òó æå

ôóíêöèþ ñ îãðàíè÷åííîé îøèáêîé ε, ñïðàâåäëèâî

width(Q) ≥ c(ε)(log width(P))
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À. Ô. Ãàéíóòäèíîâà (2000-2004) Àëãåáðàè÷åñêîå ïðåäñòàâëåíèå

êâàíòîâûõ âåòâÿùèõñÿ ïðîãðàìì.

Ôóíêöèÿ MODm ýôôåêòèâíî âû÷èñëèìà êâàíòîâîé OBDD

OBDD QOBDD

MODm Ω(m) O(log m)

À.Ô. Õàñüÿíîâ (2002-2005) Àëãåáðàè÷åñêîå ïðåäñòàâëåíèå

êâàíòîâûõ âåòâÿùèõñÿ ïðîãðàìì. Ñåìåéñòâî ôóíêöèé

ýôôåêòèâíî âû÷èñëèìûå êâàíòîâûìè OBDD

À. Â. Âàñèëüåâ (2005-2008) Ñõåìíîå ïðåäñòàâëåíèå, ìåòîä

îòïå÷àòêîâ. Ôóíêöèè, ïðåäñòàâèìûå ëèíåéíûìè ïîëèíîìàìè �

ýôôåêòèâíî âû÷èñëèìû â êâàíòîâûõ OBDD.
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Êâàíòîâûå âåòâÿùèåñÿ ïðîãðàììû
Ñõåìíîå ïðåäñòàâëåíèå

Êâàíòîâàÿ ÂÏ � êâàíòîâàÿ ñõåìà èç ôóíêöèîíàëüíûõ ýëåìåíòîâ,

äîïîëíåííàÿ âîçìîæíîñòüþ ñ÷èòûâàòü êëàññè÷åñêèå áèòû â

êà÷åñòâå êîíòðîëèðóþùèõ äëÿ óíèòàðíûõ îïåðàòîðîâ.

xj1 • �������� · · ·

xj2 • �������� · · ·
...

xjl · · · • ��������
|φ1〉

U1(1) U1(0) U2(1) U2(0)

· · ·

Ul(1) Ul(0)

NM
|φ2〉 · · · NM|ψ0〉




...

|φq〉 · · · NM

QOBDD � ïåðåìåííûå ÷èòàþòñÿ ðîâíî 1 ðàç.
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Ñëîæíîñòü êâàíòîâûõ ÂÏ

Äëÿ êâàíòîâîé âåòâÿùåéñÿ ïðîãðàììû â ñõåìíîì

ïðåäñòàâëåíèè ÿâíûì îáðàçîì ïðîÿâëÿåòñÿ åùå îäíà ìåðà

ñëîæíîñòè � ÷èñëî êóáèò q.

Äëÿ ðåàëèçàöèè êâàíòîâîé âåòâÿùåéñÿ ïðîãðàììû øèðèíû d
ïîòðåáóåòñÿ log d êóáèò
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Êâàíòîâûå âåòâÿùèåñÿ ïðîãðàììû
Ïðèìåð

MODm(x1, . . . , xn) = 1 ⇐⇒
n∑

i=1
xi = 0 mod m, ãäå m ≥ 2.

x1 • ···

x2 • ···
...xn ··· •

|0〉 R R ··· R NM  

|ψ〉 

|0〉 

|1〉 

θ 

R � îïåðàòîð ïîâîðîòà íà óãîë θ = π/m
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Ðåçóëüòàòû ïîñëåäíèõ èññëåäîâàíèé

Ðàçðàáîòàí ìåòîä ïîñòðîåíèÿ îïòèìàëüíûõ ïî ÷èñëó êóáèò

êâàíòîâûõ OBDD äëÿ èíäèâèäóàëüíûõ ôóíêöèé íà îñíîâå:

ïðåäñòàâëåíèÿ áóëåâûõ ôóíêöèé õàðàêòåðèñòè÷åñêèìè

ïîëèíîìàìè

ìåòîäà îòïå÷àòêîâ (�ngerprinting)

OBDD QOBDD

MODm Ω(log m) O(log log m)

MOD′m Ω(log m) O(log log m)

EQn Ω(n) O(log n)

Palindromen Ω(n) O(log n)

PERMn Ω(n) O(log n)
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Ïðåäñòàâëåíèå áóëåâûõ ôóíêöèé

õàðàêòåðèñòè÷åñêèìè ïîëèíîìàìè

f : {0,1}n → {0,1} � áóëåâà ôóíêöèÿ îò n ïåðåìåííûõ.

Ïîëèíîì gf (x1, . . . , xn) íàä Zm íàçûâàåòñÿ

õàðàêòåðèñòè÷åñêèì ïîëèíîìîì äëÿ ôóíêöèè f , åñëè:
gf (σ) = 0 äëÿ âñåõ σ ∈ f−1(1)

gf (σ) 6= 0 äëÿ âñåõ σ ∈ f−1(0)
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Ôóíêöèè ñ ëèíåéíûìè ïîëèíîìàìè

Òåîðåìà

Åñëè g ÿâëÿåòñÿ ëèíåéíûì õàðàêòåðèñòè÷åñêèì ïîëèíîìîì íàä Zm
äëÿ ôóíêöèè f ,òî äëÿ ëþáîãî ε ∈ (0,1) ñóùåñòâóåò
O(log log m)-êóáèòíàÿ êâàíòîâàÿ OBDD, âû÷èñëÿþùàÿ ôóíêöèþ f
ñ îäíîñòîðîííåé îøèáêîé ε.
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Ïðèìåðû

MODm

n∑
i=1

xi Zm O(log log m)

MOD′m
n∑

i=1
xi2i−1 Zm O(log log m)

EQn

n∑
i=1

xi2i−1 −
n∑

i=1
yi2i−1 Z2n O(log n)

Palindromen

bn/2c∑
i=1

xi2i−1 −
n∑

i=dn/2e
xi2n−i Z2bn/2c O(log n)

PERMn

n∑
i=1

n∑
j=1

xij
(
(n + 1)i−1 + (n + 1)n+j−1

)
Z(n+1)2n O(log n)

−
2n∑

i=1
(n + 1)i−1
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Êëàññû ôóíêöèé, âû÷èñëèìûå âåòâÿùèìèñÿ ïðîãðàììàìè øèðèíû

2 è ïîëèíîìèàëüíîé äëèíû:

DBP2 � äåòåðìèíèðîâàííûìè ïåðåñòàíîâî÷íûìè,

SyntSBP2� äâàæäû ñòîõàñòè÷åñêèìè

SyntQBP2 � êâàíòîâûìè.

DBP2 ( SyntSBP2 ( SyntQBP2 = NC1 ⊆ QBP2
(F. Ablayev, C. Moore, C. Pollett, 2005)

Îòêðûòàÿ ïðîáëåìà: SyntQBP2 = QBP2 ?

(Barrington 1985) NC1 = DBP5 = DBPconst .

À.Âàñèëüåâ (2007-2008) ïîêàçàë, ÷òî ôóíêöèè èç SyntSBP2
ïðåäñòàâèìû êâàíòîâûìè poly −OBDD2
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