KANTOROVICH AND CLOSE-COUPLING METHODS IN QUANTUM
TUNNELING PROBLEM FOR A COUPLED PAIR OF IONS THROUGH
LONG-RANGE POTENTIAL BARRIERS.
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The problem statement

Let us consider a quantum system of two particles with masses my, mo
and radius-vectors X7, X2 describing by the Hamiltonian

h? h? - 52 -
Vi — — Vi + V(X1 — %2) + U (X1) + Up (X2)

H=—
2m1 = 2m2

We suppose that a pair of particles is coupled by a potential

2
= _ pw< -
V(Xl —_ X2) = T(Xl = X2) 5
where . = myma/(mq 4+ my) is a reduced mass and w is a frequency
of a three-dimensional harmonic oscillator, transmit through a potential

barrier Up(X1) + Up(X2) like in heavy ion collisions.



The problem statement

Hamiltonian written in the coordinates of the center of mass of the pair
Y and the internal variable corresponding to the relative motion X,

mi1Xy + maoXo %

?: ) = X1 — Xa,
M

where M = my 4+ my is the total mass, has the form
K2 K2

H= —mv%{ = EV%( + V(X) + Up (X1) + Up (X2)

Gaussian-type barrier Up (&;) = —24 = exp (—;—;), ata =5, o0 = 0.1 and

V2no

corresponding 2D potentials with 1 = 1, mz = 1 and m1 =1, ma =9



The problem statement

Using the transformation to dimensionless variables

IMw - MY [pw = X
y = — Y = - , X = — X = -
I B Tosc h Tosc

h

pw

where o5 = is unit of length, we rewrite the Schrodinger

equation with Hamiltonian (1) as the following dimensionless equation:
(-2 = V24 V() + U(xy) - B) B(y,x) = 0.
Here the energy E = E/Eosc and the potential functions

V(x) =x% U(x,y) = U (X1) + Up (X2)

are given in units of energy E,s. = hw/2 and dimensional variables X;
are expressed via dimensionless ones x;

— ml'm2y+m2x>’
M M
vmlvm2y_mlx>

X1 = ZoscX1 = Tosc (

X2 = ToscX2 = Tosc
M M



Barriers

Gaussian-type
o A 72
O (5:) = exp -t

where c = 0.1, m; =1, my=9,a=5.
Truncated Coulomb potential

2 — 2 |E| < Fmins
Uo (@) = & — 2 &Emin < |2| < Ema
0 |&| > Emaz

Coulomb-like potential

Uo (2:) = Zi(&5 + #5,;,,)""/°




Close-coupling and Kantorovich (Adiabatic) methods

The Schrodinger equation reads as

1 N N N
( Hi(xp;xs)+Hi(xs) + Vis(xy, :cs)—ZE)\Il(wf, xs)=0,
g3s(xs)

3 T gar(ws) o ¥y (egiw)
e — T3 T
2 glf($_f) awfng ZTf FAC ) )

X 1 8 a

H = 925( s) +V(ws)

gls(ws) 3

Hy(xs;x,) is the Hamiltonian of the fast subsystem,
H, (x,) is the Hamiltonian of the slow subsystem,

Vis(xy,xs) is interaction potential.
The Kantorovich expansion of the desired solution of BVP:

Jmax

‘Il(wfaws) = Z (I)j(mf;ws)Xj(ws)'

i=1



BVP for fast subsystem

The equation for the basis functions of the fast variable ¢ and the
potential curves, E;(xs) continuously depend on the slow variable x5 as
a parameter

{Ha(@si@0) — Bilws) | ®ilwsims) =0,

The boundary conditions

d®;(xzy;xs)

dz; +Df(ws)<1>j(a:f;ws)> =0.

lim ) (Nf (zs)g27(xs)

Ty —»mtf (zs

The normalization condition
m‘;‘ax T

(@i )= / Pi(zf;ws) R (xf3ws) g1y (Ty)dry=03;.

wfmin (zs)



BVP for slow subsystem

The effective potential matrices of dimension jmax X Jmax:

ng(ws)
Ui'ms = E Ts 61,+ Wi'ms +W'ms
.7( ) ng :Bs) ( ) J ls( s) J( ) J( )’
mx];nax
Vij(zs) = / Qi (xf;52s)Vis(Tp, )i (2 g3 25)g17(2p)day,
mx;ﬁn
w;;nax
0®;(xy;xs) OPj(zy;xs)
Wij(zs) = / aws’ Jaxs’ g1r(zg)dexy,
amin
I 0%, (x5 2,)
j\LfsTs
Qij(zs) = — / ‘I’i(“’ﬁms)JaTglf(xf)dxf-

gmin
f



BVP for slow subsystem

The SDE for the slow subsystem (the adiabatic approximation is a
diagonal approximation for the set of ODEs)

HX(i) (zs) = 2E; IX(i) (zs),
d

1 d .
H=- s\Ls Vs(zs)I+U(x,
L) 4 V()1 U

g2s(xs) i 1 dgzs(zs)Q(2)
gls(ws)Q(xs)dws gis(xs) dxg

+

with the boundary conditions

lim ( Nsg2s(zs) X( 2

m—>m

+ sz(ws)>



The scattering problem is solved using the boundary conditions at
d=1, 2z = Zpin and 2 = Zmax:

diiz) = R(zmin)(}(zmin)’ diiz) = ’Rf(zmax)q)(zmax)’

Z=Zmin Z=Zmax

where R(z) is a unknown N X IN matrix-function,
®(z) = {X(J)(z)};yz"l is the required N X NN, matrix-solution and IN,
is the number of open channels, N, = maxzg>e; j < N.



Matrix-solution ®,,(z) = ®(z) describing the incidence of the particle
and its scattering, which has the asymptotic form “incident wave +
outgoing waves", is

®,(z = Foo) =

{
{

X (2)T,,
X (2) + X (2)Ry, z <0,
X (2) + XH)(2)R,, 2z >0,
X () (2)Ty,

z >0,

v :—),

UV —=<«—

z <0, ’

where R, and T, are the reflection and transmission N, X IN,
matrices, v =— and v =+« denote the initial direction of the particle
motion along the z axis.
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Schematic diagrams of the continuum spectrum waves having the
asymptotic form: (a) “incident wave + outgoing waves”, (b) “incident
waves + ingoing wave”.



Here the leading term of the asymptotic rectangle-matrix functions
X (&) (2) has the form

+ —1y— Z;
XG0 () — @olal* )2 exp (1 (n2 = Z izl ) 35,

J

p;=v2E—¢ i=1,...,N, j=1,...,N,,

wherer:Z;'atz>0ande:Zj_atz<0.



The matrix-solution ®,,(z, E) is normalized by
/ &, (2, B)®, (2, B)z*'dz = 218(E' — E)durolon,
Zo

where I, is the unit N, X NN, matrix and zg = —oco ifd =1 or
zo > 0ifd > 2.

Let us rewrite Eq. (1) in the matrix form at z; — 4oc0 and

zZ_ — —o0 as

By

:( X(-P) (=) X(_)()(z+) )+( x(—O)(z_) X(+)()(z+) > S,

where the unitary and symmetric scattering matrix S

_( B~ T g — g5t — —gT
S_<T_, R4_>’ S'S =SSt =1, S=S

is composed of the reflection and transmission matrices.



In addition, it should be noted that functions X () (z) satisfy relations

Wr(Q(2); XF)(2), X&) (2)) = £2i1,,,
Wr(Q(2); X®)(2), XP)(2)) = o,

where Wr(Q(z); a(z), b(z)) is a generalized Wronskian with a long
derivative defined as

Wr(Q(2);a(2),b(2)) = =71 [a?(2) (db() - Qb))
- (22 - Q(Z)a(Z)>T b(z)] .

This Wronskian is used to estimate a desirable accuracy of the above
expansion.



From Wronskian conditions, we obtain the following properties of the
reflection and transmission matrices:

™" T, +R R, =TI T_+RI R_ =1,
TTLR_+RI,T_ =R T_+TI R, =0,
™ =T, RTL =R, RT =R._.

This means that the scattering matrix is symmetric and unitary.



Asymptotic expansions of regular and irregular solutions in
longitudinal coordinates

We seek the solution of SDE in the form:

Xir (€5) = i (25) Rir (x5) + Yar (ws)M

S
where ¢,/ (s) and ;s (xs) are unknown functions, while R;/ (x5) is
known function and dRé’iz(%) is derivative of R;(xs) with respect to xs.
We choose R;/(xs) as solutions of auxiliary problem

1 d d zP
d—1 4 2 —
_md—l 7d:13 :cs dz —|— Z :cl — ki’ Riz(azs) =0.
s s s >1 s
@=>3) __

Note, if Z; = 0 then solutions of last equation are presented via
hypergeometric functions, in particular, via exponential, trigonometric,
Bessel, Coulomb functions, etc.



Results: 2D model of heavy ion reaction
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Profiles |‘I’§3_»,71—>| of the total wave functions of the continuous spectrum

in the zx plane with Z7y = Z5 = 0.5, m; = mg = 1 energies
FE = 8.1403 a.u. and E = 9.4748 a.u., demonstrating resonance

transmission and total reflection, respectively.



Convergence

a3 Gi2E-6.1403  T-09259
ad
- [
4.
v
0] .
Vl 3
- .
= PRI
= 2.
Z oo v B 0% .0 o
g . 1ot
v 4 A
. N
v
151 v
v v
I S S A A A A A
i
* G:2E=9.4748 T=0.0161
oA’
ad
mea
- -
v 3
N
0] Bo
= N
2 M
3 viey
£ o014 . - MY )
g 9 .
Teg.,
1E34 *
O >
<.,
14 .
T T T T T T T T T w‘w‘
[ S S A A S S A A A

R K: 2E=8.1395 T=0.9236
a
14 4 =
.
v z°
— 014 -
3 N
= = .
z .
] -®
E v v - A [ .
0014 A " me_,
v a [T=c,
v
v & A
M
1e3 v o,
Z 4 & & 10 12 14 16 18 20 2
i
v K:2E=9.4929 T=0.0161
me A"
1 .
.
- 1 )
.
o .
01 vi.g
— Tiexz,
3 v
2 SBop
% oo . viom .,
£ MR T
.
. .
€3] .
¢ R
* -
€4 .

The absolute maximum value x;,;, vs of number j component of
continuum spectrum solution in Close Coupling and Kantorovich

expansions.



Results: 2D model of molecular diffusion

Total probabilities T° of penetration
through the Gaussian barriers at o =
0.1, m; = 1 and mo = 9. Total prob-
1 abilities of penetration through the barri-
ers of structured particle (solid line) and
for structureless particles with masses
mj = 1 (short dashed line), ms = 9
(long dashed line) going thought single
barrier or mg = M = mj +mg (dash-
dotted line) going thought twice barrier.




Results: quantum diffusion

Classical diffusion can be considered by following way: transmission
probability of particle through the barrier is given by formulae

WYE)=1,E>E, W% E)=0,E < Eg,

where E; is height of barrier. Averaging this dependence by Boltzmann
law we have the Arenious law

DCl _ /oo Wcl(E)e—E/TdE — e_ECL/T-
0

In the case of quantum diffusion it is necessary to substitute in above
formula the quantum transmission probability W9I™:

oo
D‘m:/ W (E)e  B/TdE.
0



Results: quantum diffusion

ersat A = 5, o

] ing thought single barrier or mg

The quantum diffusion corresponding to
penetration through the Gaussian barri-
0.1, ma 1
and mg 9 for structured particle
(solid line) and for structureless parti-
cles with masses m; = 1 (short dashed
line), ma = 9 (long dashed line) go-

M = my+mg (dash-dotted line) going
thought twice barrier.



The channeling model similar or oppositive charged ions
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The profile in zx plane of the effective potenial 2U(x,y,z) consisted of sum
of 3D Coulomb and 2D oscillator potentials. Left panels similar charges
Z = 46, v = 1 and right panel oppositive charges Z = —1, v = 1.



Convergence of Kantorovich expansion
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The absolute maximum value x;,;, vs of number j component of
continuum spectrum solution in Kantorovich expansion for channeling
model with similar and oppositive charges of ions calculated for BVP of
set of Jimax = 16 ODE on grid Q.

Left panel similar charges (Z = +6, v = 1, 2E = 0.34, jmax = 20)
for two open channels. Right panels oppositive charges (Z = —1,

¥ =1, 2E = 10, jmax = 15) for five open channels.



Model of the axis channeling of similar charged ions

The enhancement coefficient — determinates as ratio of square of module
of wave functions in the pair impact point » = 0 of channeling ions
with /without transversal harmonic oscillator field versus the energy E in
the c.m.s.l:

1ceB) P Y |c,2E)
K(E) = 2 Z 27

[Co (2E) 2~ = |Co (2E) |
where C; (2E) = ¥q;(r = 0) is numerical solution at v # 0;
Co (2E) = ¥11(r = 0) is Coulomb function (for v = 0).
In Figs. ¥ =1 and 1 < N, < 10 is number of open channels.

=. Z=+24
60 Z=+1 60 7=+g 60

K(E)
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10. Chuluunbaatar, A.A.Gusev, V.L.Derbov, P. M. Krassovitskiy, and S. I. Vinitsky,
Channeling Problem for Charged Particles Produced by Confining Environment,
Physics of Atomic Nuclei, 2009, Vol. 72, No. 5, pp. 768778.



Results: Transmission and reflection matrices at Z = +6

i=1--9
1.0 2 1.0

0.84

0.6

o IRT,

Ui

0.44

0.2

0.967329 0.004785 —0.000094
|R|2 — 0.004785 0.990368 0.000074 at 2FE = 6.552
—0.000094 0.000074 0.999999

In this way partial transmission and practically total reflection effects for
inelastic scattering processes of identical ions in a crystal channel are
manifested.



Results: Effects of resonance transmission and total reflection of
oppositive charged ions in a transversal oscillator potential

////////I/I///I/;////////li

i

Fig. 1 Profiles |lII§3_ni_,| of the total wave functions of the continuous
spectrum in the zx plane with Z =1, m = 0, v = 0.1 and the
energies £ = 0.05885 a.u. (a) and E = 0.11692 a.u. (b),

demonstrating resonance transmission and total reflection, respectively.

Profiles of the wave function for Z =1, m = 0, v = 0.1 and

Jmax = 10 are shown in Fig. 1 at two fixed values of energy E,
corresponding to resonance transmission |T|? = sin®(d, — d,) = 1 and
total reflection |R|? = cos?(d. — J,) = 1.



Transmlssmn and reflection coefficients
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marks the first Landau threshold E; = ~/2.

Transmission and reflection coefficients are explicitly shown in Fig. 2 together with
even 8¢ and odd J, phase shifts versus the energy E (Fig. 2a) and (E2 — 2E)—1/2
(Fig.2b), where Ea = €t, () is second threshold shift. The quasi-stationary states
imbedded in the contlnuum correspond to the short-range phase shifts

Bo(e) = To(e)™ + 7/2 at (B2 — 2E) /2 = ng(e) +Bn -

Nonmonotonic behavior of |T| and |R/| is seen to manifest the resonance transmission
and total reflection effects, related to the existence of these quasistationary states.



Conclusions
e A Schrodinger equation was reduced by Kantorovich or Close-coupling
methods to a system of the coupled second-order ODEs on a finite
interval with homogeneous third-type BCs for continuous spectrum

problem by using derived asymptotic expansion in analytic form with help
of symbolic algorithm which realized by CAS MAPLE.

e The effect of quantum transparency consists of nonmonotonical
dependence of transmission coefficient at resonance tunneling of coupled
pair of particles throughout symmetric/nonsymmetric,
short-range/long-range repulsive potential barriers.

e Partial transmission and practically total reflection effects for inelastic
scattering processes of identical ions in a crystal channel and the
resonance transmission and total reflection effects for scattering processes
of oppositive charged ions in uniform magnetic field, related to the
existence of these quasistationary states, were manifested.

e Proposed approach, quantum transparency effect and development of
software can be used in further analysis of barrier heavy ion reactions,
molecular diffusion, etc.

Thank you for your attention !



