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Êîíöåïöèÿ äèôôóçèîííîãî õàîñà

∂u

∂t
= νD∆u + F (u),

∂u

∂~n

∣∣∣∣
∂Ω

= 0, (1)

ãäå ∆ � îïåðàòîð Ëàïëàñà; u ∈ Rk , k ≥ 2; D = diag {d1, . . . , dk},
dj > 0, j = 1, . . . , k ; ν > 0 � ïàðàìåòðû îïðåäåëÿþùèå äèôôóçèþ; ~n
� âåêòîð âíåøíåé íîðìàëè ê äîñòàòî÷íî ãëàäêîé ãðàíèöå ∂Ω îáëàñòè
Ω ⊂ Rm, m ≥ 1 è F (u) � äîñòàòî÷íî ãëàäêàÿ âåêòîð-ôóíêöèÿ.

Òèïè÷íà ñèòóàöèÿ, â êîòîðîé òî÷å÷íàÿ ñèñòåìà (1), ò.å. ñèñòåìà
îáûêíîâåííûõ äèôôåðåíöèàëüíûõ óðàâíåíèé

u̇ = F (u), (2)

èìååò ýêñïîíåíöèàëüíî îðáèòàëüíî óñòîé÷èâûé öèêë

u = u0(t), du0/dt 6= 0 (3)

ïåðèîäà T0 > 0.
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Â êà÷åñòâå ïðèìåðà ìîæíî âçÿòü ñèñòåìó

Ṅ1 = r1[1 + a(1−N3)−N1]N1,

Ṅ 2 = r2[N1 −N2]N2,

Ṅ 3 = r3[N2 −N3]N3

(4)

ìîäåëèðóþùóþ ðåàêöèþ Áåëîóñîâà�Æàáîòèíñêîãî. Çäåñü rj > 0,
j = 1, 2, 3, a > 0.

Äðóãîé ïðèìåð � óðàâíåíèå Õàò÷èíñîíà

Ṅ = r [1−N (t − 1)]N (5)

ïðè r > π/2 îïèñûâàåò êîëåáàíèÿ ïëîòíîñòè ïîïóëÿöèè.
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Äëÿ èññëåäîâàíèÿ óñòîé÷èâîñòè öèêëà (3), ëèíåàðèçóåì íà íåì (1) è
ïðèìåíèì ìåòîä Ôóðüå

ḣ = [A0(t)− zD]h, (6)

ãäå A0(t) = F ′(u)|u=u0(t); ïàðàìåòð z ïðèíèìàåò äèñêðåòíûå çíà÷åíèÿ
νλk , k = 0, 1, . . . è 0 = λ0 < λ1 ≤ λ2 ≤ . . . � ñîáñòâåííûå ÷èñëà
îïåðàòîðà −∆ ñ óñëîâèÿìè Íåéìàíà íà ãðàíèöå.
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Ïóñòü z â (6) ìåíÿåòñÿ íåïðåðûâíî íà ïîëóïðÿìîé z ≥ 0. Îáîçíà÷èì
µs = µs(z), s = 1, . . . , k , ìóëüòèïëèêàòîðû ñèñòåìû (6) è îïðåäåëèì
ôóíêöèþ

α(z) = max
1≤s≤k

{
1

T0

Re lnµs(z)

}
. (7)

α(0) = 0, ïîñêîëüêó ó ñèñòåìû (6) ïðè z = 0 (ñîîòâåòñòâóåò öèêëó (3)
â ìîäåëè (2) è ýêñïîíåíöèàëüíî óñòîé÷èâ) èìååò ïðîñòîé åäèíè÷íûé
ìóëüòèïëèêàòîð, êîòîðîìó ñîîòâåòñòâóåò ðåøåíèå Ôëîêå h = u̇0(t).
Îñòàëüíûå ìóëüòèïëèêàòîðû óäîâëåòâîðÿþò óñëîâèþ
{µ ∈ C : |µ| < 1}.

Ñ. Ä. Ãëûçèí (ßðÃÓ) Ìíîãîìîäîâûé äèôôóçèîííûé õàîñ 5 / 28



Îïðåäåëåíèå

Êðàåâàÿ çàäà÷à ïàðàáîëè÷åñêîãî òèïà (1) íàçûâàåòñÿ áèîëîãè÷åñêîé

èëè îòíîñèòñÿ ê êëàññó B, åñëè

(1.1a) Òî÷å÷íàÿ ìîäåëü (2) èìååò ýêñïîíåíöèàëüíî îðáèòàëüíî

óñòîé÷èâûé öèêë (3).

(1.1b) Ñóùåñòâóþò òàêèå 0 ≤ z1 < z2, ÷òî ôóíêöèÿ (7) ñòðîãî

ïîëîæèòåëüíà íà èíòåðâàëå z1 < z < z2.

(1.1c) Äëÿ âñåõ äîñòàòî÷íî ìàëûõ ν > 0, äèíàìè÷åñêàÿ ñèñòåìà,

ïîðîæäàåìàÿ (1) â ôàçîâîì ïðîñòðàíñòâå C (Ω;Rk), Ω = Ω ∪ ∂Ω èìååò

õàîòè÷åñêèé àòòðàêòîð Aν , ëÿïóíîâñêàÿ ðàçìåðíîñòü êîòîðîãî dL(Aν)
ñòðåìèòñÿ ê +∞ ïðè ν → 0.

Ãèïîòåçà (î äèôôóçèîííîì õàîñå). Êëàññ B ïàðàáîëè÷åñêèõ

ñèñòåì (1) íå ïóñò.
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Ãèïîòåçà î äèôôóçèîííîì õàîñå ìîæåò áûòü ïðîâåðåíà òîëüêî
÷èñëåííî.Ðàññìîòðèì óðàâíåíèå Ãèíçáóðãà�Ëàíäàó íà îòðåçêå
0 ≤ x ≤ 1.

wt = ν(1− ic1)wxx + w − (1 + ic2)|w |2w , wx |x=0 = wx |x=1 = 0, (8)

ãäå w = w(t, x) � êîìïëåêñíî çíà÷íàÿ ôóíêöèÿ, à ν, c1, c2
ïîëîæèòåëüíûå ïàðàìåòðû. Ïîêàæåì, ÷òî äàííàÿ ñèñòåìà
ïðèíàäëåæèò êëàññó B ïðè

c1c2 > 1. (9)
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Ëåãêî ïðîâåðèòü, ÷òî äëÿ ñèñòåìû (8) âûïîëíåíû óñëîâèÿ (1.1a) è
(1.1b). Ó ñèñòåìû èìååòñÿ íåçàâèñÿùèé îò x öèêë

w = exp(−ic2t), (10)

êîòîðûé ýêñïîíåíöèàëüíî îðáèòàëüíî óñòîé÷èâ äëÿ òî÷å÷íîé ìîäåëè.
Óñòîé÷èâîñòü öèêëà (10) â ðàñïðåäåëåííîé ìîäåëè (8) îïðåäåëÿåòñÿ
ñëåäóþùèì îáðàçîì. Óðàâíåíèå (8) äîïîëíÿåòñÿ êîìïëåêñíî
ñîïðÿæåííûì, à çàòåì âûïîëíÿåòñÿ ïîäñòàíîâêà
w = exp(−ic2t)(1 + h1), w = exp(ic2t)(1 + h2) è îòáðàñûâàþòñÿ
íåëèíåéíûå ïî h1 and h2 ÷ëåíû. Ïðèõîäèì ê ñèñòåìå

∂h1
∂t

= ν(1− ic1)
∂2h1
∂x2

− (1 + ic2)(h1 + h2),

∂h2
∂t

= ν(1 + ic1)
∂2h2
∂x2

− (1− ic2)(h1 + h2),

∂hj
∂x

∣∣∣∣
x=0

=
∂hj
∂x

∣∣∣∣
x=1

= 0, j = 1, 2,
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Ðàñêëàäûâàÿ ðåøåíèÿ (10) â ðÿäû ïî cos kπx , k ∈ N ∪ {0}, ïîëó÷àåì,
÷òî óñòîé÷èâîñòü îäíîðîäíîãî öèêëà îïðåäåëÿåòñÿ ñîáñòâåííûìè
÷èñëàìè ñåìåéñòâà ìàòðèö

−
(
1 + ic2 1 + ic2
1− ic2 1− ic2

)
− k2π2ν

(
1− ic1 0

0 1 + ic1

)
, k = 1, 2, . . . (11)

Àíàëèç ìàòðèö (11) óñëîâèè (9) ïîçâîëÿåò ïîêàçàòü, ÷òî öèêë (10) â
çàäà÷å (8) óñòîé÷èâ (íåóñòîé÷èâ), åñëè ν − ν∗ > 0 (< 0), ãäå

ν∗ =
2(c1c2 − 1)

π2(1 + c 2
1 )

> 0. (12)
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×èñëåííûé àíàëèç

×òîáû îïèñàòü ñîîòâåòñòâóþùèé ÷èñëåííûé ýêñïåðèìåíò ââåäåì â
ðàññìîòðåíèå òî÷êè x = (j − 1/2)/N, j = 1, 2, . . . ,N, ãäå N öåëîå.
ïðîèçâîäíûå ïî x â ýòèõ òî÷êàõ çàìåíèì íà ñëåäóþùèå ïðèáëèæåííûå
âûðàæåíèÿ:

wxx(t, x)|x=(j−1/2)/N ≈ N2
(
wj+1(t)− 2wj(t) + wj−1(t)

)
,

wj(t) = w(t, x)|x=(j−1/2)/N ,
(13)

êðàåâûå óñëîâèÿ çàìåíèì íà w0(t) = w1(t) and wN+1(t) = wN(t). Â
ðåçóëüòàòå ïîëó÷àåì êîíå÷íîìåðíóþ ìîäåëü

ẇj = νN2(1− ic1)(wj+1−2wj +wj−1)+wj−(1+ ic2)|wj |2wj , j = 1, . . . ,N.
(14)
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Â ñèñòåìå (15) ñîõðàíÿåòñÿ ñèììåòðèÿ çàäà÷è (8). Îíà èíâàðèàíòíà
îòíîñèòåëüíî çàìåíû

wj → wN−j+1, j = 1, . . . ,N. (15)

Êàê è èñõîäíàÿ êðàåâàÿ çàäà÷à (8), ýòà ñèñòåìà èìååò
ïðîñòðàíñòâåííî îäíîðîäíûé, èëè òî÷íåå ñèíõðîííûé öèêë

w1 = w2 = . . . = wN = exp(−ic2t). (16)
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Öèêë (17) îðáèòàëüíî ýêñïîíåíöèàëüíî óñòîé÷èâ (íå óñòîé÷èâ), åñëè
ν − ν∗(N) > 0 (< 0), ãäå ν∗(N) çàäàíî àíàëîãè÷íûìè (12) ôîðìóëàìè

ν∗(N) =
c1c2 − 1

2(1 + c 2
1 )N2 sin2

(
π/(2N)

) , (17)

Î÷åâèäíî, ν∗(N)→ ν∗ ïðè N →∞. Â ÷àñòíîñòè, äëÿ N = 20 è äëÿ
c1 = 4.129, è c2 = 1.2053 èìååì ν∗ ≈ 0.044647, à ν∗(20) ≈ 0.044739.
Ýòî ïîêàçûâàåò, ÷òî äëÿ ν, áëèçêèõ ê êðèòè÷åñêèì çíà÷åíèÿì, ìîäåëü
(15) àäåêâàòíî îïèñûâàåò êðàåâóþ çàäà÷ó (8).

Ñèñòåìà (15) ðåøàëàñü ÷èñëåííî ïðè óñëîâèè (13) äëÿ çíà÷åíèé
ïàðàìåòðîâ 5 ≤ N ≤ 100 è 0 ≤ ν ≤ 0.004 ñ ïîìîùüþ ïàêåòà Tracer
3.70, ðàçðàáîòàííîãî Ãëûçèíûì Ä.Ñ.
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ν − ν∗(N) > 0 (< 0), ãäå ν∗(N) çàäàíî àíàëîãè÷íûìè (12) ôîðìóëàìè

ν∗(N) =
c1c2 − 1

2(1 + c 2
1 )N2 sin2

(
π/(2N)

) , (17)

Î÷åâèäíî, ν∗(N)→ ν∗ ïðè N →∞. Â ÷àñòíîñòè, äëÿ N = 20 è äëÿ
c1 = 4.129, è c2 = 1.2053 èìååì ν∗ ≈ 0.044647, à ν∗(20) ≈ 0.044739.
Ýòî ïîêàçûâàåò, ÷òî äëÿ ν, áëèçêèõ ê êðèòè÷åñêèì çíà÷åíèÿì, ìîäåëü
(15) àäåêâàòíî îïèñûâàåò êðàåâóþ çàäà÷ó (8).

Ñèñòåìà (15) ðåøàëàñü ÷èñëåííî ïðè óñëîâèè (13) äëÿ çíà÷åíèé
ïàðàìåòðîâ 5 ≤ N ≤ 100 è 0 ≤ ν ≤ 0.004 ñ ïîìîùüþ ïàêåòà Tracer
3.70, ðàçðàáîòàííîãî Ãëûçèíûì Ä.Ñ.
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Áûëî ïîêàçàíî, ÷òî ïðè ïðîõîæäåíèè ν ÷åðåç áèôóðêàöèîííûå
çíà÷åíèÿ îò ïðîñòðàíñòâåííî îäíîðîäíîãî öèêëà îòâåòâëÿþòñÿ äâà
ñèììåòðè÷íûõ äðóã äðóãó óñòîé÷èâûõ öèêëà. Ïðè äàëüíåéøåì
óìåíüøåíèè ïàðàìåòðà ïîâåäåíèå ñèñòåìû ñòàíîâèòñÿ áîëåå ñëîæíûì,
âîçíèêàþò õàîòè÷åñêèå êîëåáàíèÿ. Âèçóàëüíîå ïðåäñòàâëåíèå îá ýòîì
äàåò ãðàôèê ñòàðøåãî ëÿïóíîâñêîãî ïîêàçàòåëÿ λmax

(
Aν(N)

)
è

ëÿïóíîâñêîé ðàçìåðíîñòè dL
(
Aν(N)

)
àòòðàêòîðà Aν(N) äëÿ ñèñòåìû

(15).
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N=20
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N=30
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Ïîêàæåì òåïåðü, ÷òî ïðè óâåëè÷åíèè N àòòðàêòîð Aν(N) ñèñòåìû (15)
â íåêîòîðîì ñìûñëå ñõîäèòñÿ ê àòòðàêòîðó Aν êðàåâîé çàäà÷è (8).
Âû÷èñëåíèÿ ïîêàçàëè, ÷òî ïðè ôèêñèðîâàííîì ν è óâåëè÷åíèè
ðàçìåðíîñòè N âåëè÷èíû λmax

(
Aν(N)

)
è dL

(
Aν(N)

)
ñòàáèëèçèðóþòñÿ.

Òàêèì îáðàçîì, ÷èñëåííûé àíàëèç ïîêàçàë, ÷òî ëÿïóíîâñêàÿ
ðàçìåðíîñòü dL

(
Aν
)
õàîòè÷åñêîãî àòòðàêòîðà Aν çàäà÷è (8) ðàñòåò ïðè

ν → 0. Ýòî îçíà÷àåò, ÷òî ïðè óñëîâèè (13), èçó÷àåìàÿ çàäà÷à
ïðèíàäëåæèò êëàññó B.
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Êîíå÷íî- ðàçíîñòíàÿ ìîäåëü ôàçîâîé òóðáóëåíòíîñòè

Ïðèâåäåííûé âûøå àíàëèç ïîêàçàë, ÷òî äëÿ âñåõ äîñòàòî÷íî áîëüøèõ
N, ñèñòåìà (15) ñ ôèêñèðîâàííûì ν > 0 ÿâëÿåòñÿ âïîëíå àäåêâàòíîé
ìîäåëüþ çàäà÷è (8). Ïðè ýòîì ÷èñëåííûé ýêïåðèìåíò ïîêàçàë, ÷òî
ïðè óìåíüøåíèè ν λmax

(
Aν(N)

)
è dL

(
Aν(N)

)
ñòàáèëèçèðóþòñÿ ïðè âñå

áîëüøèõ è áîëüøèõ N. Åñëè æå N ôèêñèðîâàíî, à ν ìàëî,
òîäèíàìè÷åñêèå ñâîéñòâà ñèñòåìû (15) ïåðåñòàþò ñîîòâåòñòâîâàòü
ñâîéñòâàì çàäà÷è (8). Ýòî âûðàæàåòñÿ â íàëè÷èè ïðîâàëîâ íà
ãðàôèêàõ λmax

(
Aν(N)

)
è dL

(
Aν(N)

)
ïðè 0 ≤ ν ≤ 0.0004, äëÿ N = 20 è

ïðè 0 ≤ ν ≤ 0.0002, äëÿ N = 30 (see Figs. 1, 2). Îòìåòèì, ÷òî äëÿ
ðàñïðåäåëåííîé çàäà÷è (8), dL(Aν)→ +∞, λmax(Aν)→ λ0max ïðè
ν → 0, ãäå λ0max ≈ 0.25.
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Íåñìîòðÿ íà ýòî èçó÷åíèå àòòðàêòîðîâ ñèñòåìû (15) ïðè
ôèêñèðîâàííîì N è ïðè ν � 1 ïðåäñòàâëÿåò ñàìîñòîÿòåëüíûé
èíòåðåñ. Ñâÿçàíî ýòî ñ òåì, ÷òî â äàííîì äèàïàçîíå ïàðàìåòðîâ â íåé
íàáëþäàåòñÿ âåñüìà èíòåðåñíîå ÿâëåíèå, ïîëó÷èâøåå â ôèçè÷åñêîé
ëèòåðàòóðå íàçâàíèå �ôàçîâàÿ òóðáóëåíòíîñòü� (ñì., íàïðèìåð, [A.
Pikovsky, M. Rosenblum, and J. Kurths, Synchronization: A Universal
Concept in Nonlinear Sciences (Cambridge Univ. Press, Cambridge, 2001;
Tekhnosfera, Moscow, 2003)]; [M. I. Rabinovich, A. L. Fabrikant, and L.
Sh. Tsimring, �Finite-Dimensional Spatial Chaos,� Usp. Fiz. Nauk 162 (8),
1�42 (1992)].).

Äëÿ îïèñàíèÿ ôåíîìåíà ôàçîâîé òóðáóëåíòíîñòè ïðåæäå âñåãî
óáåäèìñÿ â òîì, ÷òî ïðè âñåõ äîñòàòî÷íî ìàëûõ ν > 0 ñèñòåìà (15)
èìååò ãëîáàëüíî ýêñïîíåíöèàëüíî óñòîé÷èâûé N-ìåðíûé
èíâàðèàíòíûé òîð TN . Ñ ýòîé öåëüþ ñäåëàåì â íåé çàìåíû
wj = ρj exp(iτj), j = 1, . . . ,N, ãäå ρj > 0, 0 ≤ τj ≤ 2π (mod 2π). Â
ðåçóëüòàòå îíà ïðåîáðàçóåòñÿ ê âèäó
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èíòåðåñ. Ñâÿçàíî ýòî ñ òåì, ÷òî â äàííîì äèàïàçîíå ïàðàìåòðîâ â íåé
íàáëþäàåòñÿ âåñüìà èíòåðåñíîå ÿâëåíèå, ïîëó÷èâøåå â ôèçè÷åñêîé
ëèòåðàòóðå íàçâàíèå �ôàçîâàÿ òóðáóëåíòíîñòü� (ñì., íàïðèìåð, [A.
Pikovsky, M. Rosenblum, and J. Kurths, Synchronization: A Universal
Concept in Nonlinear Sciences (Cambridge Univ. Press, Cambridge, 2001;
Tekhnosfera, Moscow, 2003)]; [M. I. Rabinovich, A. L. Fabrikant, and L.
Sh. Tsimring, �Finite-Dimensional Spatial Chaos,� Usp. Fiz. Nauk 162 (8),
1�42 (1992)].).

Äëÿ îïèñàíèÿ ôåíîìåíà ôàçîâîé òóðáóëåíòíîñòè ïðåæäå âñåãî
óáåäèìñÿ â òîì, ÷òî ïðè âñåõ äîñòàòî÷íî ìàëûõ ν > 0 ñèñòåìà (15)
èìååò ãëîáàëüíî ýêñïîíåíöèàëüíî óñòîé÷èâûé N-ìåðíûé
èíâàðèàíòíûé òîð TN . Ñ ýòîé öåëüþ ñäåëàåì â íåé çàìåíû
wj = ρj exp(iτj), j = 1, . . . ,N, ãäå ρj > 0, 0 ≤ τj ≤ 2π (mod 2π). Â
ðåçóëüòàòå îíà ïðåîáðàçóåòñÿ ê âèäó

Ñ. Ä. Ãëûçèí (ßðÃÓ) Ìíîãîìîäîâûé äèôôóçèîííûé õàîñ 21 / 28



ρ̇j = νN2
[
ρj+1 cosαj − 2ρj + ρj−1 cosαj−1+

+c1(ρj+1 sinαj − ρj−1 sinαj−1)
]

+ ρj − ρ3j , j = 1, . . . ,N,
(18)

α̇j = −c2(ρ2j+1 − ρ2j ) + νN2

[
ρj+2

ρj+1

sinαj+1−

−
(

ρj
ρj+1

+
ρj+1

ρj

)
sinαj +

ρj−1
ρj

sinαj−1−

−c1
(
ρj+2

ρj+1

cosαj+1 +

(
ρj
ρj+1

−
ρj+1

ρj

)
cosαj −

ρj−1
ρj

cosαj−1

)]
,

j = 1, . . . ,N − 1,

(19)

τ̇N = −c2ρ2N − νN2

[
ρN−1
ρN

sinαN−1 + c1

(
ρN−1
ρN

cosαN−1 − 1

)]
, (20)

where τ0 = τ1, τN+1 = τN , ρ0 = ρ1, ρN+1 = ρN , αj = τj+1 − τj .
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Íåòðóäíî çàìåòèòü, ÷òî èíòåðåñóþùèé íàñ ãëîáàëüíî óñòîé÷èâûé
èíâàðèàíòíûé òîð çàâåäîìî ñóùåñòâóåò ó äàííîé ñèñòåìû ïðè ν = 0.
Îí çàäàåòñÿ ðàâåíñòâàìè ρj = 1, j = 1, . . ., N, à ïîâåäåíèå òðàåêòîðèé
íà íåì îïèñûâàþò óðàâíåíèÿ α̇j = 0, j = 1, . . ., N − 1, τ̇N = −c2.
Óêàçàííûé òîð ñîõðàíÿåòñÿ ó ñèñòåìû (18) � (20) ïðè âñåõ äîñòàòî÷íî
ìàëûõ ν > 0, ïðè÷åì òåïåðü îí èìååò âèä

TN : ρj = 1 + ν ψj(α1, . . . , αN−1, ν), j = 1, . . . ,N, (21)

ãäå äîñòàòî÷íî ãëàäêèå ïî ñîâîêóïíîñòè ïåðåìåííûõ
2π-ïåðèîäè÷åñêèå ïî αk , k = 1, . . . ,N − 1 ôóíêöèè ψj òàêîâû, ÷òî

ψj(α1, . . . , αN−1, 0) =
N2

2

(
cosαj − 2 + cosαj−1 + c1(sinαj − sinαj−1)

)
,

j = 1, . . . ,N.
(22)
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Äâèæåíèÿ íà òîðå îïèñûâàþòñÿ ñèñòåìîé

α̇j = ν Φj(α1, . . . , αN−1, ν), j = 1, . . . ,N − 1,

τ̇N = −c2 + ν Ψ(α1, . . . , αN−1, ν).
(23)

Îòìåòèì, ÷òî èç (22) ñëåäóåò, ÷òî

Φj

∣∣
ν=0

= −N2
[
(c1c2 − 1)(sinαj+1 − 2 sinαj + sinαj−1)+

+(c1 + c2)(cosαj+1 − cosαj−1)
]
, j = 1, . . . ,N − 1.

(24)
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Äâèæåíèÿ íà òîðå îïèñûâàþòñÿ ñèñòåìîé
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Óáåäèìñÿ, ÷òî ïðè óñëîâèè (13) íà ïàðàìåòðû c1, c2, ïðè 0 < ν � 1 è
ïðè ëþáîì ôèêñèðîâàííîì 5 ≤ N ≤ 31 èíâàðèàíòíûé òîð TN

ÿâëÿåòñÿ íîñèòåëåì õàîòè÷åñêîãî àòòðàêòîðà. Äëÿ ýòîãî ðàññìîòðèì
îòùåïëÿþùóþñÿ îò (23) ñèñòåìó äëÿ αj , j = 1, . . . ,N − 1, âûïîëíèì â
íåé çàìåíó âðåìåíè νN2(c1c2 − 1)t → t è îòáðîñèì â ïðàâûõ ÷àñòÿõ
ïîëó÷èâøåéñÿ ñèñòåìû ñëàãàåìûå ïîðÿäêà ìàëîñòè ν è âûøå. Â
ðåçóëüòàòå ñ ó÷åòîì ðàâåíñòâ (24) îíà ïðåîáðàçóåòñÿ ê âèäó

α̇j = −(sinαj+1 − 2 sinαj + sinαj−1)− κ (cosαj+1 − cosαj−1),

j = 1, . . . ,N − 1,
(25)

ãäå α0 = αN = 0, κ = (c1 + c2)/(c1c2 − 1)) ≈ 1.341373.

×èñëåííûé àíàëèç ñèñòåìû (25) ïðè 5 ≤ N ≤ 31 ïîêàçàë, ÷òî îíà
äåéñòâèòåëüíî èìååò õàîòè÷åñêèé àòòðàêòîð AN , ëÿïóíîâñêàÿ
ðàçìåðíîñòü dL(AN) êîòîðîãî ñ ðîñòîì N ðàñòåò ïðèìåðíî ïî
ëèíåéíîìó çàêîíó.
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îòùåïëÿþùóþñÿ îò (23) ñèñòåìó äëÿ αj , j = 1, . . . ,N − 1, âûïîëíèì â
íåé çàìåíó âðåìåíè νN2(c1c2 − 1)t → t è îòáðîñèì â ïðàâûõ ÷àñòÿõ
ïîëó÷èâøåéñÿ ñèñòåìû ñëàãàåìûå ïîðÿäêà ìàëîñòè ν è âûøå. Â
ðåçóëüòàòå ñ ó÷åòîì ðàâåíñòâ (24) îíà ïðåîáðàçóåòñÿ ê âèäó

α̇j = −(sinαj+1 − 2 sinαj + sinαj−1)− κ (cosαj+1 − cosαj−1),

j = 1, . . . ,N − 1,
(25)

ãäå α0 = αN = 0, κ = (c1 + c2)/(c1c2 − 1)) ≈ 1.341373.

×èñëåííûé àíàëèç ñèñòåìû (25) ïðè 5 ≤ N ≤ 31 ïîêàçàë, ÷òî îíà
äåéñòâèòåëüíî èìååò õàîòè÷åñêèé àòòðàêòîð AN , ëÿïóíîâñêàÿ
ðàçìåðíîñòü dL(AN) êîòîðîãî ñ ðîñòîì N ðàñòåò ïðèìåðíî ïî
ëèíåéíîìó çàêîíó.
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Èòàê, ìû âèäèì, ÷òî ïðè N ∼ 1, ν � 1 ôóíêöèîíèðîâàíèå ñèñòåìû
(15) ïðîèñõîäèò â ðåæèìå ôàçîâîé òóðáóëåíòíîñòè. Äåéñòâèòåëüíî,
ñîãëàñíî ðàâåíñòâàì (21) íà åå àòòðàêòîðå AN àìïëèòóäû ρj = |wj |,
j = 1, . . . ,N ñ òå÷åíèåì âðåìåíè îñòàþòñÿ ïðàêòè÷åñêè ïîñòîÿííûìè,
â òî âðåìÿ êàê ðàçíîñòè ôàç αj = τj+1 − τj ìåíÿþòñÿ ñóùåñòâåííî è
ñîãëàñíî (25) ýâîëþöèîíèðóþò ïî õàîòè÷åñêîìó çàêîíó. Íàïîìíèì,
÷òî èìåííî òàêîå ïîâåäåíèå òðàåêòîðèé è ïðèíÿòî ñ÷èòàòü ôàçîâîé
òóðáóëåíòíîñòüþ. Ñàìó æå ñèñòåìó (25) â ñâÿçè ñ ýòèì óìåñòíî
íàçâàòü êîíå÷íîìåðíîé ìîäåëüþ äàííîãî ôåíîìåíà.

Çàâåðøàÿ îáñóæäåíèå ïðîáëåìû ôàçîâîé òóðáóëåíòíîñòè, îòìåòèì,
÷òî ìîäåëüíàÿ ñèñòåìà (25) ÿâëÿåòñÿ â îïðåäåëåííîì ñìûñëå
óíèâåðñàëüíîé, òàê êàê âîçíèêàåò íå òîëüêî ïðè àíàëèçå ñèñòåìû (15),
íî è ïðè ðàññìîòðåíèè öåïî÷åê äèôôóçèîííî ñâÿçàííûõ
ãàðìîíè÷åñêèõ îñöèëëÿòîðîâ ðàçëè÷íîé ïðèðîäû.
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Ñïàñèáî çà âíèìàíèå!
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