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Population annealing

Nuunmnanuzamus. § =0 (T = oco). Kaxgas permmka HaXO[AUTCS B CIIy9aiiHO
BBIOPAHHOM MUKPOCOCTOSTHUM.

ITepeBbibopka (resampling). Temmeparypy MHOMXKeCTBa PeILIUK IOHUZKAEM,
ocTaBJIsIs aHCaMOJIb B paBHOBecun. Pacemorpum nepexon 1/ = 1/8" ans Rg pe-
k. Yuesto konmit cocrosinus j B nopoit nomyssun ectb N [(Rg /Rg)1i (8, 8)],
rie ~

o expl=(8 — BB A IR Vv
(8,8 = 0B Q(B,ﬁ)—éﬁj; p[—(8 — B)E;].

3aeck N |a] — ciyuaiinas mennast BeJIMIrHA ¢ TyaCCOHOBCKUM PacCIpeie/IeHueM 1
cpeauuM 3HadenueM a. (Hapsiy ¢ poisson resampling, cyImecTByOT BEpCUH aro-
purma ¢ multinomial resampling, residual resampling, nearest integer resampling).
Eciu N[(Rg:/ Rg)Tj (8,8")] = 0, To KoHDUTYpalKsT j YHAUITOKACTCH.

YpasHoBemmuBanue (equilibration). /Ijsa kaxxaoi perimku npou3BoauTcs ¢
mpoxoaoB ceTku ajaroputmom Monte-Kapisio (Monte-Carlo sweeps).



Population annealing

Nunnnannsupyem [y pemwmk gjg S = 0.
for k = K to 1 step -1 do
BbIYHC/IsieM oTHomeHue crar. cyMM Q (B, Br—_1)
for all 5 < é[gk do
Beraucasgem Becosyio dyukimio 7;(SBk, fr—1)
Iepesnibopka: cozmaem N[(Rg /Rg)7;(3, 8)] xommit perumuk j
end for
BroraucisieM HOBBIM pa3Mep IOy SN ]Eigk_l
for all 5 < ng_l do
Y paBHOBEIIMBAHHUE PEIIMKH j: Ipon3BoauM ;1 mpoxoaos Monte-Kapiio
end for
Boraucasiem HabIIOIaeMble BEJIMUNHBI U CBOOOTHYIO HEPTUIO I B 1
end for

CeobGonnast sueprust: — 3, F(B) = ;fkl InQ(B;, Bi—1) + InQ,
rie Q(B,8") ~ Z(B')/Z(3) 6bL10 BbIYUCTIEHO patee.

BsBemmennnie CpedHuE 110 pesyJ/ibTaTaM M He3aBUCUMBIX 3allyCKOB IIPOI'PaMMBI:

(A = 2, A (B (8), 20 () = ZREEED




Population annealing, 2D Ising model on the square lattice, L = 32
Effect of equilibration
R = 103, weighted average over M = 200 independent runs, A3 = 0.001

(CUDA algorithm was tested by M. Borovsky and by L.Barash)



effect of equilibration, L=32, R = 103, 200 runs, Ap = 0.001
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Figure 1: Internal energy per spin as a function of the temperature ¢t = k7'/.J for a different number
of equilibration sweeps 6.



effect of equilibration, L= 32, R = 103, 200 runs, AP = 0.001
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Figure 2: Detail from the previous plot in the critical region.



effect of equilibration, L =32, R = 103, 200 runs, AB = 0.001
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Figure 3: Heat capacity as a function of the temperature for a different number of equilibration sweeps
0.



effect of equilibration, L =32, R = 103, 200 runs, AR = 0.001
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Figure 4: Detail from the previous plot in the critical region.



il effect of equilibration, L = 32, R = 10% 200 runs, AB = 0.001
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Figure 5: Internal energy error as a function of the temperature for a different number of equilibration
sweeps 6.
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Figure 5a: Internal energy error divided by absolute value of internal energy
as a function of the temperature for a different number of equilibration sweeps 6.

effect of equilibration, L = 32, R = 103, 200 runs, AB = 0.001
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effect of equilibration, L =32, R = 103, 200 runs, Ap = 0.001
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Figure 6: Heat capacity errors as a function of the temperature for a different number of equilibration
sweeps 6.



effect of equilibration, L = 32, R = 103, 200 runs, AB = 0.001
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Figure 6a: Heat capacity errors divided by heat capacity as a function of the temperature
for a different number of equilibration sweeps 6.



x 1072 effect of equilibration, L =32, R = 103, 200 runs, AB = 0.001
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Figure 7: Variance of a dimensionless free energy SF as a function of temperature for a different
number of equilibration sweeps 6.
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Figure 8: The histograms of a dimensionless free energy ByF at the temperature 5y = 1 for a different
number of equilibration sweeps 8. Every subfigure contains the histogram of the non-equilibrated
case with 8 = 10.



Effect of population size
6 = 10%, weighted average over M = 200 independent runs, AS3 = 0.001



effect of population size, L =32,0 = 102, 200 runs, AR = 0.001
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Figure 9: Internal energy per spin as a function of the temperature ¢t = kp7'/.J for a different number
of replicas R.
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Figure 10: Detail from the previous plot in the critical region.



effect of population size, L =32,6 = 102, 200 runs, Ap = 0.001
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Figure 11: Heat capacity as a function of the temperature for a different number of replicas R.



effect of population size, L =32,6 = 102, 200 runs, AP = 0.001
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Figure 12: Detail from the previous plot in the critical region.
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effect of population size, L = 32,0 = 102, 200 runs, Ap = 0.001
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Figure 13: Internal energy error as a function of the temperature for a different number of replicas R.



effect of population size, L = 32,0 = 102, 200 runs, AB = 0.001
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Figure 13a: Internal energy error divided by internal energy as a function of the temperature

for a different number of replicas R.




effect of population size, L =32,0 = 102, 200 runs, AB = 0.001
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Figure 14: Heat capacity errors as a function of the temperature for a different number of replicas R.



effect of population size, L = 32,0 = 102, 200 runs, Ap = 0.001
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Figure 14a: Heat capacity errors divided by heat capacity as a function of the temperature
for a different number of replicas R.



effect of population size, L =32,0 = 102, 200 runs, AB = 0.001

107 C T T T T T ]
[ R = 5x10° |
R=10°
R = 5x10° |1
10737 jl
a[j;4 ..."'"':
oy
)
=
107 :
10'5 1 1 | 1 1

Figure 15: Variance of a dimensionless free energy BF as a function of temperature for a different
number of replicas R.
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Figure 16: The histograms of a dimensionless free energy (3,F' at the temperature 3, = 1 for a

different number of replicas R.



Weighted average over ensemble of independent runs
R =10°%0 =103 AB = 0.001

Unbiased estimate of observable A from M independent runs:

where the weight of a run 7 is given by

wr(ﬁ) —

M 5 '
S e—BF:(8)
r=1

(D

(2)

Errors in weighted averages can be obtained by resampling. In our case, we use bootstraps method,

which is defined as follows

04(8) = /Var (A(B)),

where

3)

“4)
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Figure 17: Internal energy per spin as a function of the temperature ¢t = kg7"/.J for a different number
of independent runs M.
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Figure 18: Detail from the previous plot in the critical region.
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Figure 19: Heat capacity as a function of the temperature for a different number of independent runs
M.
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Figure 20: Detail from the previous plot in the critical region.



x 10 averaging as a mean value -3

x10 averaging as a sum of weighted values
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Figure 21: Internal energy error as a function of the temperature for a different number of independent
runs M.
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Figure 21a: Internal energy error divided by internal energy as a function of the temperature

for a different number of independent runs M.




averaging as a mean value

averaging as a sum of weighted values
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Figure 22: Heat capacity errors as a function of the temperature for a different number of independent
runs M.
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Figure 22a: Heat capacity errors divided by heat capacity as a function of the temperature
for a different number of independent runs M.



x 10 averaging as a mean value
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Figure 23: Variance of a dimensionless free energy BF as a function of temperature for a different
number of independent runs M.
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Figure 24: Comparison of both cases of calculating the dimensionless free energy variance.
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Figure 25: Internal energy as a function of the temperature for 8-state Potts model calculated
with Population Annealing for L=32, 6=100, M=200, Ap=0.001.



120

100+

80

60

40}

20

0.70 0.72 0.74 0.76 0.78 0.80

Figure 26: Heat capacity as a function of the temperature for 8-state Potts model calculated
with Population Annealing for L=32, 6=100, M=200, Ap=0.001.



