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Ïðèìåð

ẋ = α− x(y + 1), εẏ =

[
x − 1− β

1 + γy

]
y , (1)

0 < ε� 1, α, β, γ > 0 èìåþò ïîðÿäîê åäèíèöû è êðîìå òîãî

âûïîëíÿåòñÿ óñëîâèå

α > β + 1. (2)
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Äëÿ îòûñêàíèÿ öèêëîâ ñèñòåìû (13) ôèêñèðóåì ïðîèçâîëüíî

x0 ∈ [β + 1, α] è îáîçíà÷èì ÷åðåç

Γ(ε) = {(x , y) : x = x(t, x0, ε), y = y(t, x0, ε), t ≥ 0} (3)

åå òðàåêòîðèþ ñ íà÷àëüíûìè óñëîâèÿìè x(0, x0, ε) = x0, y(0, x0, ε) = 1.

Ðàññìîòðèì âòîðîé ïîëîæèòåëüíûé êîðåíü t = T (x0, ε) óðàâíåíèÿ

y(t, x0, ε) = 1 (åñëè îí ñóùåñòâóåò) è îïðåäåëèì îïåðàòîð

ïîñëåäîâàíèÿ Ïóàíêàðå

x0 → Π(x0, ε)
def
= x(t, x0, ε)

∣∣∣
t=T (x0,ε)

. (4)

Íàøà çàäà÷à � âûÿñíèòü àñèìïòîòè÷åñêîå ïîâåäåíèå ïðè ε→ 0

îïåðàòîðà (4).
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Ñïðàâåäëèâî íåðàâåíñòâî

x0 − 1− β/(1 + γy) > 0 ∀ y ≥ 0. (5)

À îòñþäà è èç (13) çàêëþ÷àåì, ÷òî ñíà÷àëà äâèæåíèå ôàçîâîé òî÷êè

(x , y) ïðîèñõîäèò â àñèìïòîòè÷åñêè ìàëîé îêðåñòíîñòè ëó÷à

{(x , y) : x = x0, y ≥ 1}, ïðè÷åì êîìïîíåíòà y(t, x0, ε) çà

àñèìïòîòè÷åñêè ìàëîå âðåìÿ (ïîðÿäêà ε ln(1/ε)) äîñòèãàåò çíà÷åíèÿ
y = ε−3/4. Ñîîòâåòñòâóþùèé ó÷àñòîê òðàåêòîðèè Γ(ε) îáîçíà÷èì ÷åðåç

Γ1(ε) (ñì. ðèñ 1) è íàçîâåì ó÷àñòêîì âçëåòà.
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Ñëåäóþùèé ó÷àñòîê, ëåæàùèé â ïîëóïëîñêîñòè y ≥ ε−3/4, îáîçíà÷èì
÷åðåç Γ2(ε) è áóäåì íàçûâàòü ó÷àñòêîì ïîâîðîòà. Ñäåëàåì â (13)

çàìåíó u = εy è âîçüìåì x çà íîâîå âðåìÿ. Ïîñëå îòáðàñûâàíèÿ

àñèìïòîòè÷åñêè ìàëûõ äîáàâîê èìååì

du

dx
= −x − 1

x
, u|x=x0 = 0. (6)

Ðåøåíèå çàäà÷è (6) çàäàåòñÿ ðàâåíñòâîì

u(x) = −(x − x0) + ln
x

x0
, 0 < x ≤ x0. (7)
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Γ 0
2

x1 x0 x

u

0

Ðèñ.: 2

Ïîñêîëüêó u(x0) = 0, u′(x) < 0

ïðè 1 < x ≤ x0, u
′(x) > 0

ïðè 0 < x < 1, u(x)→ −∞ ïðè

x → +0, òî íà èíòåðâàëå (0, 1)
óðàâíåíèå u(x) = 0 äîïóñêàåò

åäèíñòâåííîå ðåøåíèå x = x1,

ïðè÷åì u(x) > 0 ïðè x1 < x < x0.

À ýòî çíà÷èò, ÷òî, äâèãàÿñü

ïî êðèâîé Γ2(ε), ôàçîâàÿ
òî÷êà ñèñòåìû (13) ñíà÷àëà

ïîêèäàåò ïðÿìóþ y = ε−3/4, à
çàòåì ñíîâà âîçâðàùàåòñÿ íà íåå.

Ïîñëå ïåðåõîäà ê ïåðåìåííûì

(x , u) ó÷àñòîê Γ2(ε) ⊂ Γ(ε) èìååò

ïðåäåëîì ïðè ε→ 0 êðèâóþ

Γ02 = {(x , u) : u = u(x), x1 ≤ x ≤ x0}.
Âðåìÿ äâèæåíèÿ ïî Γ2(ε) èìååò ïîðÿäîê ε ln(1/ε). Ëþáîé êóñîê Γ2(ε),
îòâå÷àþùèé çíà÷åíèÿì x ∈ [a, b] ⊂ (x1, x0), ãäå a, b = const > 0,

ôàçîâàÿ òî÷êà (x , y) ïðîõîäèò çà âðåìÿ ïîðÿäêà ε.
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Γ3(ε) ñîîòâåòñòâóåò çíà÷åíèÿì ïåðåìåííîé y èç îòðåçêà

exp(−ε−3/4) ≤ y ≤ ε−3/4, è àíàëîãè÷åí óæå ðàññìîòðåííîìó ñëó÷àþ

Γ1(ε). x1 − 1− β/(1 + γy) < 0 ∀ y ≥ 0, ñëåäîâàòåëüíî êðèâàÿ Γ3(ε)
àñèìïòîòè÷åñêè áëèçêà ê îòðåçêó

{(x , y) : x = x1, exp(−ε−3/4) ≤ y ≤ ε−3/4}
Γ3(ε) � ó÷àñòîê ¾ïàäåíèÿ¿ è âðåìÿ ¾ïàäåíèÿ¿ èìååò ïîðÿäîê ε1/4.
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Γ4(ε) ëåæèò â ïîëóïëîñêîñòè y ≤ exp(−ε−3/4) è íàçûâàåòñÿ ó÷àñòêîì

ìåäëåííîãî äâèæåíèÿ. Äëÿ åãî îïèñàíèÿ ïåðåéäåì â ñèñòåìå (13) ê

íîâîé ïåðåìåííîé v = ε ln y è âîçüìåì x çà íîâîå âðåìÿ.

Äëÿ íàõîæäåíèÿ v = v(x) ïîñëå îòáðàñûâàíèÿ àñèìïòîòè÷åñêè ìàëûõ

ñëàãàåìûõ èìååì

dv

dx
=

x − 1− β
α− x

, v |x=x1 = 0, (8)

èç êîòîðîé, â ñâîþ î÷åðåäü, âûâîäèì:

v(x) = −(x − x1)− (α− 1− β) ln
α− x

α− x1
, x1 ≤ x < α. (9)

Ãëûçèí Ñ.Ä. (ßðÃÓ) Òàðóñà 21-23 àïðåëÿ 2015 9 / 24



Γ 0
4

x1 x2 x

v

0

Ðèñ.: 3

Ôóíêöèÿ v(x) òàêàÿ,

÷òî v ′(x) < 0 ïðè x1 ≤ x < β + 1,

v ′(x) > 0 ïðè β + 1 < x < α,
v(x)→ +∞ ïðè x → α− 0.

Ñëåäîâàòåëüíî, ó

óðàâíåíèÿ v(x) = 0 íà èíòåðâàëå

β + 1 < x < α ñóùåñòâóåò

åäèíñòâåííîå ðåøåíèå x = x2,

ïðè÷åì v(x) < 0 ïðè x1 < x < x2.

Ïîñëå

ïåðåõîäà

ê ïåðåìåííûì (x , v) êðèâàÿ Γ4(ε)
ñòðåìèòñÿ ïðè ε→ 0 ê ïðåäåëó

Γ04 = {(x , v) : v = v(x), x1 ≤ x ≤ x2} (ñì. ðèñ. 3).
Çàêëþ÷èòåëüíûé ýòàï � ó÷àñòîê ïîäúåìà Γ5(ε) ⊂ Γ(ε). Âðåìÿ
�ïîäúåìà� àñèìïòîòè÷åñêè ìàëî (èìååò ïîðÿäîê ε1/4).
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Ëåììà

Ïðè âñåõ äîñòàòî÷íî ìàëûõ ε > 0 îïåðàòîð (4) îïðåäåëåí íà îòðåçêå

β + 1 ≤ x0 ≤ α è óäîâëåòâîðÿåò ïðåäåëüíûì ðàâåíñòâàì

lim
ε→0

max
β+1≤x0≤α

|Π(x0, ε)− Π(x0)| = 0,

lim
ε→0

max
β+1≤x0≤α

|Π′(x0, ε)− Π′(x0)| = 0.
(10)

Çäåñü øòðèõ � ïðîèçâîäíàÿ ïî x0, à îïåðàòîð Π(x0) çàäàåòñÿ

ñîîòíîøåíèÿìè:

Π = Π2 ◦ Π1, Π1 : x0 → x1 = x1(x0), Π2 : x1 → x2 = x2(x1), (11)

ãäå x1 è x2 � ââåäåííûå âûøå êîðíè óðàâíåíèé u(x) = 0 è v(x) = 0

ñîîòâåòñòâåííî.
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Ëåììà

Îòîáðàæåíèå (11) èìååò íà îòðåçêå β + 1 ≤ x0 ≤ α åäèíñòâåííóþ

ýêñïîíåíöèàëüíî óñòîé÷èâóþ íåïîäâèæíóþ òî÷êó x0 = x∗0 .
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Ðèñ.:
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ẋ = f (x , y),

εẏ = [g(x , y)− y(t − h)]y ,
(12)

ãäå 0 < ε� 1, h = const > 0; f , g ∈ C∞(K ),
K = {(x , y) : x > −δ0, y > −δ0}, δ0 > 0.

Óñòàíîâëåíî, ÷òî ïðè íåêîòîðûõ äîïîëíèòåëüíûõ îãðàíè÷åíèÿõ íà

ôóíêöèè f , g è çàïàçäûâàíèå h â ñèñòåìå (12) ñóùåñòâóåò óñòîé÷èâûé

ðåëàêñàöèîííûé öèêë.
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Êàòàñòðîôà ãîëóáîãî íåáà

Ðàññìîòðèì ãëàäêîå îäíîïàðàìåòðè÷åñêîå ñåìåéñòâî âåêòîðíûõ ïîëåé

Xµ â R3 è ïðåäïîëîæèì, ÷òî ïðè µ = 0 ïîòîê Xµ èìååò ïåðèîäè÷åñêóþ

òðàåêòîðèþ L0 òèïà ïðîñòîé ñåäëî-óçåë. Ðàññìîòðèì, äàëåå,

íåêîòîðóþ äîñòàòî÷íî ìàëóþ îêðåñòíîñòü U òðàåêòîðèè L0,

ðàçäåëÿåìóþ äâóìåðíûì ñèëüíî óñòîé÷èâûì ìíîãîîáðàçèåì W ss(L0)
íà äâå îáëàñòè: óçëîâóþ U +, âñå òðàåêòîðèè èç êîòîðîé ñòðåìÿòñÿ ê

L0 ïðè t → +∞, è ñåäëîâóþ U −, â êîòîðîé ëåæèò äâóìåðíîå

íåóñòîé÷èâîå ìíîãîîáðàçèå W u

loc
(L0) ñ êðàåì L0. Ñëåäóþùåå

îãðàíè÷åíèå íîñèò ñóùåñòâåííî íåëîêàëüíûé õàðàêòåð è ñîñòîèò â

òîì, ÷òî âñå òðàåêòîðèè ñèñòåìû X0 ñ íà÷àëüíûìè óñëîâèÿìè èç

W u

loc
(L0) ïðè óâåëè÷åíèè t ñíà÷àëà ïîêèäàþò îêðåñòíîñòü U , à çàòåì

ñíîâà âîçâðàùàþòñÿ â íåå, ïîïàäàÿ â óçëîâóþ îáëàñòü U +. Òîãäà,

î÷åâèäíî, êàæäàÿ èç óïîìÿíóòûõ òðàåêòîðèé îêàçûâàåòñÿ

äâîÿêîàñèìïòîòè÷åñêîé ê L0. È íàêîíåö, áóäåì ñ÷èòàòü, ÷òî

ìíîæåñòâî W u(L0), ïîëó÷àþùååñÿ èç W u

loc
(L0) ïîñëå ïðîäîëæåíèÿ ïî

òðàåêòîðèÿì ïîòîêà X0, íå ÿâëÿåòñÿ òîïîëîãè÷åñêèì ìíîãîîáðàçèåì.
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Ðèñ.:
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ẋ = f (x , y , µ), ε ẏ = g(x , y), x = (x1, x2) ∈ R2, y ∈ R, (13)

ãäå 0 < ε� 1, |µ| � 1, à íà ôóíêöèè f , g ∈ C∞ áûëè íàëîæåíû

ñòàíäàðòíûå îãðàíè÷åíèÿ, îáåñïå÷èâàþùèå ñóùåñòâîâàíèå òàê

íàçûâàåìûõ êëàññè÷åñêèõ ðåëàêñàöèîííûõ êîëåáàíèé. Íàïîìíèì, ÷òî

êëàññè÷åñêèìè íàçûâàþòñÿ êîëåáàíèÿ, ó êîòîðûõ ïðè ε→ 0

ìåäëåííûå êîìïîíåíòû x1, x2 ñòðåìÿòñÿ ê íåêîòîðûì íåïðåðûâíûì ïî

t ôóíêöèÿì, à áûñòðàÿ êîìïîíåíòà y ñõîäèòñÿ ïîòî÷å÷íî ê ðàçðûâíîé

ôóíêöèè.
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Ðàññìîòðèì àíàëîãè÷íóþ (13) òðåõìåðíóþ ñèñòåìó

ẋ = f1(x , µ) +
√
ε y2f2(x), ε ẏ = g(x)− h(y), (14)

ãäå x = (x1, x2) ∈ R2, y ∈ R, 0 < ε� 1, |µ| ≤ µ0, à µ0 > 0 � íåêîòîðàÿ

äîñòàòî÷íî ìàëàÿ êîíñòàíòà. f1(x , µ) ∈ C∞(R2 × [−µ0, µ0];R2),
f2(x) ∈ C∞(R2;R2), g(x) ∈ C∞(R2), h(y) ∈ C∞(R) óäîâëåòâîðÿþò

ñïåöèàëüíûì óñëîâèÿì, ãàðàíòèðóþùèì ðåàëèçóåìîñòü

íåêëàññè÷åñêèõ ðåëàêñàöèîííûõ êîëåáàíèé.
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Áëàãîäàðþ çà âíèìàíèå!
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